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Oh' Abstract. The present article is the final part of a series on the classification of the to- 

jiy^ • tally geodesic submanifolds of the irreducible Riemannian symmetric spaces of rank 2. After 

this problem has been solved for the 2-Grassmannians in my papers [Kl\ and |K2j . and for the 
space SU(3)/SO(3) in Section 6 of |K3j . we now solve the classification for the remaining irre- 
^! ducible Riemannian symmetric spaces of rank 2 and compact type: SU(6)/Sp(3), SO(10)/U(5) , 

Q : Eq/{\J{1) ■ Spin(lO)) , Ee/F^ , ^2/80(4) , SU(3) , Sp(2) and G2 . 

Similarly as for the spaces already investigated in the earlier papers, it turns out that for 
many of the spaces investigated here, the earlier classification of the maximal totally geodesic 
submanifolds of Riemannian symmetric spaces by Chen and Nagano ( |CNj . §9) is incomplete. 
In particular, in the spaces Sp(2) , G2/SO(4) and G2 , there exist maximal totally geodesic 
submanifolds, isometric to 2- or 3-dimensional spheres, which have a "skew" position in the 
ambient space in the sense that their geodesic diameter is strictly larger than the geodesic 
diameter of the ambient space. They are all missing from [CN]. 
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1 Introduction 

The classification of the totally geodesic submanifolds in Riemannian symmetric spaces is an 
interesting and significant problem of Riemannian geometry. Presently, I solve this problem for 
the irreducible Riemannian symmetric spaces of rank 2 . 
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The totally geodesic submanifolds of the 2-Grassmannians (IR"), G2(C") and G2(1H"') 
have already been classified in my papers [Kl] and [K2j : moreover the totally geodesic submani- 
folds of SU(3)/SO(3) have been classified in Section 6 of my paper [K3j . In the present paper 

1 complete the classification of the totally geodesic submanifolds in the irreducible Riemann- 
ian symmetric spaces of rank 2 (simply connected and of compact type) by considering the 
remaining spaces of this kind; they are the spaces of type I 

SO(10)/U(5), ^6/(U(l) • Spin(lO)) , SU(6)/Sp(3), Eq/F^ and ^2/80(4) 

as well as the spaces of Lie group type 

SU(3) , Sp(2) and G2 ; 

herein G2 , F4 and Eq denote the respective exceptional, simply connected, compact, real Lie 
groups. 

It should be mentioned that already Chen and Nagano gave what they claimed to be a 
complete classification of the isometry types of maximal totally geodesic submanifolds in all 
Riemannian symmetric spaces of rank 2 in §9 of their paper [CNj based on their (M-|_,Af_)- 
method. However, as it will turn out in the present paper, their classification is faulty also 
for several of the spaces under consideration here. In particular, in the spaces Sp(2) , G2 and 
^2/30(4) , there exist maximal totally geodesic submanifolds, isometric to spheres of dimension 

2 or 3 , which have a "skew" position in the ambient space in the sense that their geodesic 
diameter is strictly larger than the geodesic diameter of the ambient space; these submanifolds 
are missing from Chen's and Nagano's classification. Also in the spaces SO(10)/U(5) and 
Eq/{\J{1) ■ Spin(lO)) , such "skew" totally geodesic submanifolds exist, although they are not 
maximal. Moreover several other details of Chen's and Nagano's classification are incorrect. For 
a detailed discussion with respect to the individual spaces studied, see the following Remarks of 
the present paper: 



space 


SO(10)/U(5) 


Ea/{\J{1) ■ Spin(lO)) 


SU(6)/Sp(3) 




G2/SO(4) 


SU(3) 


Sp(2) 


G2 


Remark 


13.111 


El 


g31 




[S31 






15.31 



Even apart from these problems, Chen's and Nagano's investigation is not satisfactory, as 
they name only the isometry type of the totally geodesic submanifolds, without giving any 
description of their position in the ambient space. (Such a description can, for example, be 
constituted by giving explicit totally geodesic, isometric embeddings for the various congruence 
classes of totally geodesic submanifolds, or at least by describing the tangent spaces of the 
totally geodesic submanifolds (i.e. the Lie triple systems) as subspaces of the tangent space of 
the ambient symmetric space in an explicit way.) 

The usual strategy for the classification of totally geodesic submanifolds in a Riemannian 
symmetric space M = G/K , which is used also here, is as follows. Let g = t © m be the 
decomposition of the Lie algebra of G induced by the symmetric structure of M . As it is 
well-known, the Lie triple systems m' in m (i.e. the linear subspaces m' C m which satisfy 
[[m', m'], m'] C m') are in one-to-one correspondence with the (connected, complete) totally 
geodesic submanifolds M^' of M running through the "origin point" po = eK £ M , the 
correspondence being that M^i is characterized by po £ M^i and Tp^M^i = r(m') , where 
r : m ^ Tp^M is the canonical isomorphism. 

Thus the task of classifying the totally geodesic submanifolds of M splits into two steps: (1) 
To classify the Lie triple systems in m , and (2) for each of the Lie triple systems m' found in 
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the first step, to construct a (connected, complete) totally geodesic submanifold Mm' of M so 
that po € Mm' and r"^(rp(,Mm') = m' holds. 

Herein, step (1) is the one which generally poses the more significant difficulties. As an 
approach to accomplishing this step, we describe in Section [2] for an arbitrary Riemannian 
symmetric space M of compact type relations between the roots and root spaces of M and the 
roots resp. root spaces of its totally geodesic submanifolds (regarded as symmetric subspaces). 
These relations provide conditions which are necessary for a linear subspace m' of m to be 
a Lie triple system. However, these conditions are not generally sufficient, and therefore a 
specific investigation needs to be made to see which of the linear subspaces of m satisfying the 
conditions are in fact Lie triple systems; this investigation is the laborious part of the proof of 
the classification theorems. 

It should be emphasized that to carry out this investigation for a given Riemannian symmetric 
space M , it does not suffice to know the (restricted) root system (with multiplicities) of that 
space, or equivalently, the action of the Jacobi operators R{ ■ , v)v on the various root spaces. 
Rather, a full description of the curvature tensor of M is needed. The well-known formula 
R{u,v)w = —[[u,v],w] relating the curvature tensor of M to the Lie bracket of the Lie 
algebra q of the transvection group G of M lets one calculate R relatively easily if M is a 
classical symmetric space (then g is a matrix Lie algebra, with the Lie bracket being simply the 
commutator of matrices), but not so easily if M is one of the exceptional symmetric spaces, 
because then the explicit description of the exceptional Lie algebra g as a matrix algebra is too 
unwieldy to be useful. 

In its place, we use the description of the curvature tensor based on the root space decom- 
position of Q which was described in [K3j . and which permits the reconstruction of R using 
only the Satake diagram of the Riemannian symmetric space M . To actually carry out the 
computations involved in the application of the results from [K3j , we use the example implemen- 
tation of the algorithms for Maple also presented in that paper; this implementation is found on 
http://satake.sourceforge.net. Whenever in the present paper, a claim is made about the 
evaluation of the Lie bracket of a Lie algebra or the curvature tensor of a Riemannian symmetric 
space for specific input vectors, the result has been obtained in this way. Maple worksheets 
containing all the calculations can also be found on http://satake.sourceforge.net. 

Certain of the spaces under investigation here are locally isometric to totally geodesic submani- 
folds of others; more specifically, we have the following inclusions of totally geodesic submanifolds: 

Sp(2)/22 C SO(10)/U(5) C Eg/{\J{1) ■ Spin(lO)) , 
SU(3) C SU(6)/Sp(3) , (SU(6)/Sp(3))/23 C Eq/F^ and 
G2/SO(4) c G2 . 

If M is a Riemannian symmetric space and M' C M a totally geodesic submanifold, then 
the totally geodesic submanifolds of M' are exactly those totally geodesic submanifolds of M 
which are contained in M' . For this reason, we can obtain a classification of the totally geodesic 
submanifolds of M' from a classification of the totally geodesic submanifolds of M : We just 
need to determine which of the totally geodesic submanifolds of M are contained in M' . Thus 
we do not need to carry out the classification of totally geodesic submanifolds for each space 
under investigation here individually by the approach described above. Rather it suffices to do 
the classification for the three spaces £"6/(11(1) • Spin(lO)) , Eq/F^ and G2 , by virtue of the 
mentioned inclusions we then also obtain classifications for the remaining Riemannian symmetric 
spaces of rank 2. 
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The present paper is laid out as follows: Section [2] contains general facts on Lie triple systems, 
in particular on the relationship between their (restricted) roots resp. root spaces, and the roots 
resp. root spaces of the ambient space. Section [3] is concerned primarily with the investigation 
of the Riemannian symmetric space Eq/(U{1) ■ Spin(lO)) : In Subsection 13.11 we make general 
observations about the geometry of this space; using these results we then classify the Lie triple 
systems of £'6/(U(l)-Spin(10)) in Subsection l3.21 corresponding to step (1) of the classification as 
described above. In Subsection 13.31 we describe totally geodesic embeddings for each congruence 
class of Lie triple systems in £"6/(11(1) • Spin(lO)) , thereby completing the classification of totally 
geodesic submanifolds for that space. In Subsections 13.41 and we use the inclusions of totally 
geodesic submanifolds Sp(2) C G2(H'^) resp. SO(10)/U(5) C Eq/{\]{1) • Spin(lO)) to derive 
the classification of totally geodesic submanifolds in Sp(2) resp. in SO(10)/U(5) from previous 
results. 

Section m covers the investigation of Eq/F^ and is structured similarly: After the introduction 
of basic geometric facts on that space in Subsection 14. H we classify its Lie triple systems in 
Subsection 14.21 As a consequence of the classification it turns out that in Eq/F^, all maximal 
totally geodesic submanifolds are reflective. Thus we can learn the global isometry type of the 
corresponding totally geodesic submanifolds from the classification of reflective submanifolds in 
symmetric spaces by Leung, |Le3j . as is described in Subsection 14.31 and do not need to con- 
struct totally geodesic embeddings in this case explicitly. In Subsections 14.41 resp. 14.51 we use the 
inclusion (SU(6)/Sp(3))/23 C Eq/F^ resp. SU(3) C SU(6)/Sp(3) to derive the classification 
for the space SU(6)/Sp(3) resp. SU(3) . The space SU(3)/SO(3) , whose totally geodesic sub- 
manifolds have already been classified in Section 6 of [K3], is contained in SU(3) ; therefore its 
Lie triple systems also occur in the present paper. Subsection 14.61 gives the relationship between 
the types of Lie triple systems of SU(3)/SO(3) as defined in Section 6 of [K3] and types of Lie 
triple systems defined here. 

Section [5] then investigates the Lie group G2 seen as a Riemannian symmetric space. In 
Subsection 15.11 we investigate the geometry of this space, then we proceed in Subsection 15.21 
to the classification of its Lie triple systems, and describe embeddings for (most of) its totally 
geodesic submanifolds in Subsection 15. 3[ In Subsection 15.41 we use the inclusion G2/SO(4) C G2 
to derive a classification of the totally geodesic submanifolds of G2/SO(4) . 

Finally, in Section [6] we give a table of the isometry types of the maximal totally geodesic 
submanifolds of all irreducible Riemannian symmetric spaces of rank 2 and compact type, thereby 
summarizing the results of my papers |Klj . |K2] . |K3j (Section 6), as well as of the present paper. 

The results of the present paper were obtained by me while working at the University College 
Cork under the advisorship of Professor J. Berndt. I would like to thank him for his dedicated 
support and guidance, as well as his generous hospitality. 

2 General facts on Lie triple systems 

In this section we suppose that M = G / K is any Riemannian symmetric space of compact type. 
We consider the decomposition g = t © m of the Lie algebra g of G induced by the symmetric 
structure of M . Because M is of compact type, the Killing form x : g x g ^ IR, {X, Y) 1— > 
tr(ad(X) o a.d{Y)) is negative definite, and therefore ( • , • ) := — c • x gives rise to a Riemannian 
metric on M for arbitrary c E IR+ . In the sequel we suppose that M is equipped with such a 
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Riemannian metric.^ 

Let us fix notations concerning flat subspaces, roots and root spaces of M (for tlie corres- 
ponding tlieory, see for example |Loj . Section V.2): A linear subspace a C m is called flat if 
[o, a] = {0} holds. The maximal flat subspaces of m are all of the same dimension, called the 
rank of M (or m) and denoted by rk(M) or rk(m) ; they are called the Cartan subalgebras of 
m . If a Cartan subalgebra a C m is fixed, we put for any linear form Ago* 

mA := { X e m I VZ G a : adiZfX = -X{ZfX } 

and consider the (restricted) root system 

A(m, o) := { A G a* \ {0} | mA / {0} } 

of m with respect to a. The elements of A(m,a) are called (restricted) roots of m with 
respect to a, for AG A(m, o) the subspace itia is called the root space corresponding to A, 
and n\ := dim(mA) is called the multiplicity of the root A . If we fix a system of positive 
roots A4. C A(m, a) (i.e. we have A+U(— A^) = A(m, a) ), we obtain the (restricted) root space 
decomposition of m : 

m = e mA . (1) 

AeA+ 

The Weyl group l^(m, a) is the transformation group on a generated by the reflections in the 
hyperplanes { u G a | \{v) = } (where A runs through A(m, 0) ); it can be shown that the root 
system A(m, a) is invariant under the action of W^(m, 0) . 

Let us now consider a Lie triple system m' C m , i.e. m' is a linear subspace of m so that 
[[m',m'] , m'] Cm' holds. In spite of the fact that the symmetric space corresponding to m' 
does not need to be of compact type (it can contain Euclidean factors), it is easily seen that the 
usual statements of the root space theory for symmetric spaces of compact type carry over to 
m' , see |K1) . 

More specifically, the maximal flat subspaces of m' are all of the same dimension (again called 
the rank of m'), and they are again called the Cartan subalgebras of m' . For any Cartan 
subalgebra a' of m' , there exists a Cartan subalgebra of m so that 0' = a n m' holds. With 
respect to any Cartan subalgebra 0' of m' we have a root system A(m', a') (deflned analogously 
as for m ) and the corresponding root space decomposition 

m' = a' © m^ (2) 

Q:eA+(m',a') 

(with a system of positive roots A_|_(m', a') C A(m', 0') ); we also again call n'^ := dim(m^) the 
multiplicity of a G A(m', a') . A(m', a') is again invariant under the action of the corresponding 
Weyl group Ty(m', a') . It should be noted, however, that in the case where a Euclidean factor 
is present in m' , A(m',a') does not span (a')* . 

The following proposition describes the relation between the root space decompositions ([2]) of 
m' and ([1]) of m . In particular, it shows the extent to which the the position of the individual 
root spaces m^ of m' is adapted to the root space decomposition ([1]) of the ambient space m . 
These relations will play a fundamental role in our classification of the Lie triple systems in the 
Riemannian symmetric spaces of rank 2 . 

^The dependence of the sectional curvature of M on the choice of the Riemannian metric is as follows: If we multiply the 
Riemannian metric with some factor c > , then this causes the sectional curvature function to be multiplied with ^ . 
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Proposition 2.1 Let a' be a Cartan subalgebra of m' , and let a be a Cartan subalgebra of m 
so that a' = a n m' holds. 

(a) The roots resp. root spaces of m' and of m are related in the following way: 

A(m', a') C { A|o' I A E A(m, a), A|o' / } . (3) 
Va G A(m', a') : = ( 0A6A(m,a) I n m' . (4) 

V X\a'=a J 

In particular, if X £ A(m, a) satisfies A|a' = 0, then m' is orthogonal to mx . 

(b) We have rk(m') = rk(m) if and only if a' = a holds. If this is the case, then we have 

A(m',a') C A(m,a) , Va G A(m', a') : m'„ = n m' . (5) 

Proof. See [Kl] , the proof of Proposition 2.1. □ 



For the remainder of the section, we fix a Cartan subalgebra a' of m' , and let a be any 
Cartan subalgebra of m so that a' = a n m' holds. 

Definition 2.2 Let a G A(m',a') be given. Recall that by Proposition \2.1\f a) there exists at 
least one root A G A(m, a) with A|a' = a . We call a 

(a) elementary, if there exists only one root A G A(m, a) with \\o! = a; 

(b) composite, if there exist at least two different roots A,^ G A(m, a) with A|o' = a = /i|o' . 

Elementary roots play a special role: If a G A(m', o') is elementary, then the root space 
is contained in the root space rriA , where A G A(m, o) is the unique root with \\a' = a . As 
we will see in Proposition 12.31 below, this property causes restrictions for the possible positions 
(in relation to o' ) of A . The exploitation of these restrictions will play an important role in the 
classification of the rank 1 Lie triple systems in the rank 2 spaces under investigation. 

It should also be mentioned that in the case rk(m') = rk(m) we have o' = o , and therefore in 
that case every a G A(m',a') is elementary (compare Proposition 12 . 1 f b) ) . 

For any linear form A G a* we now denote by A" the Riesz vector corresponding to A , i.e. the 
vector A^ G characterized by ( • , A'') = A . Here ( • , • ) = — c • x is again the inner product 
obtained from the Killing form x of g . 

Proposition 2.3 Let a G A(m',a') be given. 

(a) If a is elementary and A G A(m, a) is the unique root with A|o' = a , then we have A" G o' . 

(b) If a is composite and A, ;U G A(m, a) are two different roots with A|o' = a = /u|a', then 
a" — is orthogonal to a' . 

Proof. For (a) see jKlj . the proof of Proposition 2.3(a). (b) is obvious. □ 



Proposition 2.4 Suppose that a G A(m', o') is a composite root such that there exist precisely 
two roots A, /i G A(m, a) with \\o! = a = /i|a'. Further suppose that a" can be written as a 
linear combination a" = a A" + 6 /i" with non-zero a, 6 G IR . 

Then we have a,b > , and there exists a linear subspace C mx and an isometric linear 
map ^ : xn'^ so that 

< = {x + ^/jHx)\xGm'^} (6) 
holds. In particular we have n'^ < min{nA,n^} . 
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Proof. See [K2] . the proof of Proposition 2.4. □ 

We mention one important principle for the construction of Lie triple systems with only ele- 
mentary roots. 

Definition 2.5 A subset A' C A(m, a) is called a closed root subsystem of A(m, a) if for 

every A G A' we also have —A € A' , and if for every X, fi £ A' with A + /i G A(m, o) we have 
A + ^ G A' . 

Proposition 2.6 Let A' be a closed root subsystem of A(m, a) , and let A^ be a positive root 
system of A' . Then m' := spauj^j A" | A G A' } © 0AeAY '^^ ^ -^^^ triple system mm. m' 
is called the Lie triple system associated to A' . 

Proof. This follows immediately from the fact that for any X,fJ, £ A(m, o) U {0} we have 

[mA,m^] C 6a+m ffi ^A-M and [6a, m^] C mA+p © mA-^ > 
see [Lo) . Proposition VI. 1.4c, p. 60. Ifere tx denotes the root space of t corresponding to A G A(m,o) . □ 

The isotropy group K of the symmetric space M acts on m via the adjoint representation, 
i.e. by K xm ^ m, {g, v) i— > Ad{g)v ; this action is called the isotropy action. In the investigation 
of Riemannian symmetric spaces, the orbits of this action play an important role. In the case 
of spaces of rank 2, they form a 1-parameter family, which can be parametrized in the following 
way (generalizing the approach that was used for the 2-Grassmannians in [Kl] and [K2] ) : 

We suppose that M is of rank 2 , and fix a Weyl chamber c in a . We denote the two rays 
in a delineating this Weyl chamber by i?i and i?2 ; in the case where A(m, o) contains roots 
of different length (i.e. the root system A(m, a) is of one of the types B2 , BC2 or G2), we 
suppose that -Ri points into the direction of one of the shorter roots. Let (/Jmax be the angle 
between Ri and R2 ; <^max equals ^ , ^ , ^ or | , according to whether A(m, a) is of type 
^2 , -B2 , BC2 or G2 , respectively. 

Any given t> G m \ {0} is congruent under the isotropy action to one and only one vector 
f G c , and we denote the angle between Ri and vq by ip{v) . In this way we obtain a 
continuous function : m\{0} — > [0, (/9max] • Two vectors vi,V2 G m' with = ||f2|| 7^ are 
congruent under the isotropy action if and only if if{vi) = f{v2) holds. We call the value ip{v) 
the isotropy angle of a vector v G m \ {0} . 

Notice that if m' is a Lie triple system of m of rank 1 , then (p is constant on m' \ {0} , and 
Proposition 12.31 shows that there are only finitely many t G [0, c/^max] so that there exists a Lie 
triple system m' C m of rank 1 with ip\{m' \ {0}) = t and dim(m') > 2 . We will call the value 
t for such a Lie triple system m' the isotropy angle of m' . On the other hand, if m' is of rank 

2 , then we have (p{m' \ {0}) = [0, (/Jmax] • 

3 The symmetric spaces £^6/(U(l) • Spin(lO)) , Sp(2) and 
SO(10)/U(5) 

3.1 The geometry of E6/{V{1) • Spin(lO)) 

In the present section we will study the Hermitian symmetric space EIII := i?6/(U(l)-Spin(10)) , 
which has the Satake diagram 
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o — • — • — • — o 



o 

2 

We consider the Lie algebra Q := of the transvection group Eq of EIII , and the sphtting 
Q = t©m induced by the symmetric structure of EIII . Here 6 = IR©so(10) is the Lie algebra of 
the isotropy group of EIII , and m is isomorphic to the tangent space of EIII in the origin. The 
-Bg-invariant Riemannian metric on EIII induces an Ad(U(l) • Spin(10))-invariant Riemannian 
metric on m . As was explained in Section [21 this metric is only unique up to a factor; we choose 
the factor in such a way that the shortest restricted roots of EIII (see below) have length 1 . 

The root space decomposition. Let t be a Cartan subalgebra of g which is maximally non- 
compact, i.e. t is chosen such that the flat subspace a := t n m of ra is of the maximal 
dimension 2 , and hence a Cartan subalgebra of m . Then we consider the root system C 
t* of with respect to t, as well as the restricted root system A C o* of the symmetric 
space EIII with respect to a . EIII has the restricted Dynkin diagram with multiplicities 
,6 <^^8[i] ^ other words: its restricted root system A is of type BC2 , i.e. we have A = 
{±Ai, ±A2, iAs, ±A4, ±2Ai, ±2A2} , where (Ai, A3) is a system of simple roots of A , these two 
roots are at an angle of | vr with A3 being the longer of the two, and we have A2 = Ai + A3 , 
A4 = 2Ai + A3 . Moreover, the restricted roots have the following multiplicities: n^^ = nx^ = 8 , 
nx^ = nx^ = 6 and n2Xi = n2X2 = 1 • ^ the following graphical representation: 

• 2A2 

• A3 • A2 • A4 

• • O • Ai • 2Ai 



To be able to apply the results from |K3j and the corresponding computer package for the 
calculation of the curvature tensor of EIII , we need to describe the relationship between the 
restricted roots of the symmetric space EIII and the (non-restricted) roots of the Lie algebra Cg • 
For this purpose, we order the simple roots of eg as they are numbered in the Satake diagram 
of EIII given above. Then we label the 36 positive roots of eg by ai, . . . , 035 in the order in 
which they are produced by Algorithm (R) in Section 2 of [K3j based on this ordering of the 
simple roots. It turns out that ai, . . . ,036 have the following coordinates with respect to the 
simple roots of eg ordered as before: 
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(1,0,0,0,0,0) 




(0,0,0,1,1,0) 

V-^! w, vy, -L, 




(0, 1, 1, 1, 1,0) 




(0, 1, 1,2, 1, 1) 




(0, 1,0,0,0,0) 




(0 1 1) 




fO 1 1 1 1) 




(1112 11) 




(0,0,1,0,0,0) 




(1,0,1,1,0,0) 




(0,0, 1, 1, 1, 1) 




(1,1,2,2,1,0) 




(0,0,0, 1,0,0) 




(0,1,1,1,0,0) 


Ct99 


(1, 1, 1, 1, 1,0) 




(0,1,1,2,2,1) 




(0,0,0,0,1,0) 




(0,1,0,1,1,0) 


^Zo 


(1,0, 1, 1, 1, 1) 




(1,1,1,2,2,1) 


ag 


(0,0,0,0,0, 1) 




(0,0,1,1,1,0) 


"24 


(0,1,1,1,1,1) 




(1,1,2,2,1,1) 


07 


(1,0,1,0,0,0) 


"16 


(0,0,0,1,1,1) 


"25 


(0,1,1,2,1,0) 


"34 


(1,1,2,2,2,1) 


as 


(0,1,0,1,0,0) 


"17 


(1,1,1,1,0,0) 


"26 


(1,1,1,1,1,1) 


"35 


(1,1,2,3,2,1) 


ag 


(0,0,1,1,0,0) 


"18 


(1,0,1,1,1,0) 


"27 


(1,1,1,2,1,0) 


"36 


(1,2,2,3,2,1) 



To find out which restricted root of EIII corresponds to each root of eg , we tabulate the 
orbits of the action of a on the root system , and the restricted root of EIII corresponding 
to each orbit (compare Section 4 of |K3j ) : 



orbit 


{ai, — Q21} 


{ae, — ais} 


{av, -aie} 


{qii, —ai2} 


{q!23, — ^23} 


corresp. restr. root 


Ai 


Ai 


Ai 


Ai 


2Ai 



orbit 


{ai7, -a3i} 


{Q20, —030} 


{022, —028} 


{Q24, —027} 


{Q36, -«36} 


corresp. restr. root 


A2 


A2 


A2 


A2 


2A2 



orbit 


{02, — Q25} 


{as, — Qig} 


{ai3, -014} 


{a!26, —0135} 


{q!29, -Q34} 


{a!32, — Q33} 


corresp. restr. root 


A3 


A3 


A3 


A4 


A4 


A4 



Moreover, we have a{ak) = "fc for k G {3, 4, 5, 9, 10, 15} . 

Using the notations of [K3], Proposition 5.2(a) we now put for ci,...,C4 G C and t G IR, 
where A denotes either of the letters K and M : 



^Ai(ci,C2,C3,C4) := ^ai(ci) + Aas{c2) + ^07(03) + ^an (C4) , 

A2xAt) ■=Aa2Ai) , 

-4a2(ci,C2,C3,C4) := ^ai7(ci) + ^a2o(c2) + -4a22(c3) + ^a24(c4) , 

^2A2(i) ■=Aa,,{t) , 

^A3(C1,C2,C3) := Aa^ici) + Aag{c2) + Aa^^Cs) , 

^A4(C1,C2,C3) := ^a26(ci) + -4a29(c2) + ^032(^3) • 

Then we have = MaJC,C,(D,C) and m2x^^ = M2xAM) for k G {1,2}, and hia^ = 

Ma,(C,C,C) for A: G {3,4}. 

The action of the isotropy group. We next look at the isotropy action of EIII . Regarding it, 
we use the notations introduced at the end of Section O in particular we have the continuous 
function ip : m\{0} — > [0, j] parametrizing the orbits of the isotropy action. For the elements of 
the closure c of the positive Weyl chamber c := { t> G a | Ai (?;) > 0, A3 (u) > } we can explicitly 
describe the relation to their isotropy angle: (A2,a5) is an orthonormal basis of so that with 
Vt := cos(t)A2 + sin(t)A5 we have 

(7) 

A2 with (p{vq) = and 
(8) 



c = {s-Vt\t£[0,^],s£lR>o} , 

and because the Weyl chamber c is bordered by the two vectors vq = 
Vn/4. = 75 ^^4 with fivn/i) = f , wc have 

ip{s ■vt)=t for all t G [0, f ] , s G IR+ . 
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3 The symmetric spaces £:6/(U(l) ■ Spin(lO)) , Sp(2) and SO(10)/U(5) 



The action of the subgroup Kq of K whose Lie algebra is the centrahzcr •= ^ 
6 I [X,a] = 0} of a in 6 leaves the restricted root spaces rriA invariant. The Dynkin diagram 
of ^0 is given by the black roots in the Satake diagram of EIII (see above), therefore we have 
to = (i n t) ® Kat,{(C) , where the sum runs over all those roots of Ce with a{ai) = at , 
i.e. i G {3, 4, 5, 9, 10, 15} . Because of this and the fact that dim(t PI t) = 4 holds, it follows that 
^0 is isomorphic to u(4) , and hence is locally isomorphic to U(4) . 

By using the Maple implementation to look at the adjoint action of on the root spaces m;^ , 
we can describe the action of on the root spaces in more detail: 

Proposition 3.1 For k G {1,2} the action of Kq on m;^^. is locally equivalent to the vector 
representation of U(4) , this means that if we denote by (p the linear isometry 

: ^ mAfc, (C1,C2,C3,C4) ^ (ci, C2, C3, C4) , 

there exists a local isomorphism of Lie groups $ : U(4) — >■ Kq so that the following diagram 
commutes: 

U(4) X — Kq X nxA, 

Ad 

^ ^ '"Afc , 

where the left vertical arrow represents the canonical action of U(4) on . 

Moreover, if we fix v ^ m\^, \ {0} , then the Lie subgroup U' := { B e U(4) | B{ip~^v) = ip~^v } 
of U(4) is isomorphic to U(3) , and hence the Lie subgroup Kq := {g £ Kq \ Ad{g)v = v} of 
Kq is locally isomorphic to U(3) . For i G {3,4} , the action of Kq on is locally equivalent 
to the vector representation of U(3) , i.e. with the linear isometry 

■0 : ^ m^, (ci, C2, C3) Ma^(ci, C2, C3) 

there exists a local isomorphism of Lie groups ^ : U(3) — > Kq so that the following diagram 
commutes: 

U(3) X €^^^K'Qxmx, 

Ad 

; ^ ^>^e ' 

where the left vertical arrow represents the canonical action of U(3) on (D^ . 

In particular we see that Ad(-fCo) CLcts "jointly transitively" on the unit spheres in rriAj. and 
iTiA^ in the sense that for any given vi,V2 £ hxaj. and wi,W2 G itia^ with \\vi\\ = \\v2\\ and 
= \\w2\\ there exists g G Kq with Ad{g)vi = V2 and Ad(g')u'i = W2 ■ 

Finally, we note that the linear isometrics 

ITlAi ^Aa , (Ci , C2, C3, C4) Mx^ (C2, Ci , C4, C3) 

and 

^Xi , (ci , C2 , C3) HH- Ma4 (ci , C2 , C3) 
commute with the action of Ad(iCo) on the respective root spaces. 
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3 The symmetric spaces £;6/(U(l) • Spin(lO)) , Sp(2) and SO(10)/U(5) 



The complex structure of EIII . EIII is a Hermitian symmetric space; the action of its com- 
plex structure J on m is given by J|m = ad(j)|m, where j is a element of the center 
of 6 so that (ad(j)|m)^ = — idm holds. Because 3(6) is one-dimensional, this condition already 
determines j up to sign; we find via computations with the Maple package for computation of 
the Lie bracket of eg that 

j = I (4 - 4) + i (4 - 4) + K2A,(1) - K2X,{1) 

is one of the two possible choices; here we again denote for a G t* by G t the dual of a with 
respect to the Killing form x of g, i.e. the vector so that x(a'', ■) = a holds. 

Using this presentation of j and the formula Jv = ad{j)v for v € m, we can again use the 
Maple package to calculate the action of J on m . In this way, we obtain for ci, . . . , C4 G C and 
t,s eM: 



J{t x{ + s a|) 


= hiM2xAt) 


-M2xAs)) 


J(Mai(ci,C2,C3,C4)) 


= MxAici,- 


-iC2, 


iC3, -ZC4 


J(Ma2(ci,C2,C3,C4)) 


= Mx^iici, - 


-iC2: 


ics, -ici 


J{Mxs{ci,C2,C3)) 


= Mx,{ici,- 


-iC2., 




J{Mx,{ci,C2,C3)) 


= Mx^iici, - 


-iC2, 




JiM2xAt)) 


= -2tX\ 






J{M2x,{s)) 


= 2sA| . 







In particular we see that mx^ and rriAa are complex linear subspaces of m , whereas a , m2Ai © 
1T12A2 ! iTiAs and are totally real linear subspaces with J(o) = m2Ai © ^2X2 and J(mA3) = 
1TIA4 . 

3.2 Lie triple systems in Ee/{V{1) • Spin(lO)) 

We are now ready to describe the Lie triple systems in EIII . 

Definition 3.2 Let V be a unitary space. We say that an TR-linear subspace U gV is 

(a) of (CP-type (C, dim([;(?7)) if it is a complex subspace of V , 

(b) of<CP-type (IR, dim]R({7)) if it is a totally real subspace of V . 

Theorem 3.3 The linear subspaces m' of m listed in the following are Lie triple systems, and 
every Lie triple system {0} 7^ m' C m is congruent under the isotropy action to one of them.^ 

• (Geo, = t) with t £ [0, f ] 

m' = IR (cos(i)A2 + sin(t)A]^) (compare Equation ([Tj) ). 
. (IP,¥. = 0,(C,5)) 

m' = IR A| © tTlAa © tn2A2 • 

• (ip,(^ = f,T) OTi/i r G {s^s^s^s^®p2} . 

Put H := X{ + Xl and H := M2X, (1) + M2X2 (1) ■ 

For T = §1'' : m' is a k-dimensional linear subspace of IRH (B vax^ © IRi7 . 

For T = ©P^ .■ m' = MH e M;^^(c,c,c) e {M)^^(ci,c2, 03,04) + M)^^{c2,ci, -c4, -C3) i ci,c2,c3,c4 e c} ero-H ■ 

^Please read Remarks 13.51 and 13.61 below before you suspect that there might be Lie triple systems missing from the list. 
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3 The symmetric spaces ^6/(U(l) • Spin(lO)) , Sp(2) and SO(10)/U(5) 



• (IP X IPS (IKi,£),IK2) withee{A,5} and Ki,K2e{IR,C} 

We have m' = a © m';^^ © '^2Ai ® ^'2X2 ' "^here is a complex-{i — 1)- dimensional linear 
subspace of mx-^ , and where we put for k £ {1, 2} mg;^ := vn2x,. if = C , m2;^ := {0} 
i/Kfc = ]R. 

• (<5) 

m' = a © (C, C, C) © Ma, (C, C, C) © M2X, (IR) © M2X2 (K) • 

• {Q,t) where r is one of the types listed in ]K1^ . Theorem 4-1 for m = 8, i.e. r is one 
of {Gl,k) with k<8, (G2,A;i,/c2) with ki + k2 < 8 , (G3) , (PI, A;) with k<8, (P2) , 
(A) , (II, k) with k<A, and (12, k) with k < A . 

m' is contained in a Lie triple system m' of type {Q) , corresponding to a complex quadric 
, and regarded as a Lie triple system of fit' , m' is of type r according to the classification 
in l-ftTiJ /. Theorem 4-1- 

• (G2C«) 

m' = a©MA,((D,C,0,0)©MA2(C,(D,0,0)©MA3(0,0,€)©MA,(0,0,C)©M2Ai(lR)©M2A2(IR) • 

• (^2©^, r) , where r is one of the following types listed in iK^ . Theorem 7.1 for n = 4 ; 
(P,y? = arctan(i), (IK, A;)) with K G {M, €} and k < 2 , (IP, (/? = f,(IK,2)) with IK G 
{IR, C, H} , (G2, (K, k)) with IK G {IR, C} and k G {3, 4} , and (P x P, (K, k), (K' , k')) 
with K, K' G {IR, C} and k + k' <A. 

m' is contained in a Lie triple system m' of type (^2^^) , corresponding to a complex 
Grassmannian G2(C^) , and regarded as a Lie triple system of tn' , m' is of type r according 
to the classification in (K2^ . Theorem 7.1. 

• (G2IH4) 

m' = a © Mx, (P, P, P, P) © Ma2 (iP, iP, iP, iP) © Mx^ (P, P, P) © Ma, (P, P, P) . 

• (G2lH^, t) , where r is one of the following types listed in iK2^ . Theorem 5.3 for n = 2 : 
(F,(/? = 0, (IK,2)) TOi/i IK G {P,C,H}, (S, = arctan(i), 3) , (F, = f , (S^)) ^ (P,(/' = 
f , (H, 1)) , (S^ ip = l), (G2, (H, 1)) , (§1 X k) with 3 < A: < 5 , and (Sp2) . 

m' is contained in a Lie triple system m' of type (G2lH^) , corresponding locally to a 
quaternionic Grassmannian G2(IH^) , and regarded as a Lie triple system of in' , m' is of 
type T according to the classification in [K2], Theorem 5.3. 

• (Dili) 

m' = o©Ma, (C, 0, (D, 0)©Ma2 (C, 0, C, 0)©Ma3 (0, C, C)©Ma,(0, C, C)©M2Ai (P)©M2A2 (P) • 
We call the full name (Geo, (p = t) , (P, ip = 0, ((D, 5)) etc. given in the above table the type of 
the Lie triple systems which are isotropy- congruent to the space given in that entry. Then every 
Lie triple system of m is of exactly one type. 

In the type names of Lie triple systems of rank 1 , the value given in the form ip = t is the 
isotropy angle (see the end of Section{^ of the Lie triple systems of that type. 

The Lie triple systems m' of the various types have the properties given in the following table. 
The column "isometry type" gives the isometry type of the totally geodesic submanifolds corres- 
ponding to the Lie triple systems of the respective type in abbreviated form (without specification 
of the scaling factors of the Riemannian metrics), for the details see Section \3. 31 



type of m' 


dim(m') 


rk(m') 


m complex or 
totally real? 


m' maximal 


isometry type 


(Geo, (f = t) 


1 


1 


totally real 


no 


P or §1 


(P,(^ = 0,(C,5)) 


10 


1 


complex 


no 


(DP^ 




e 


1 


totally real 


no 
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3 The symmetric spaces ^6/(U(l) • Spin(lO)) , Sp(2) and SO(10)/U(5) 



type of m' 


dim(m') 


rk(m') 


m complex or 
totally real? 


m' maximal 


isometry type 




16 


1 


totally real 


ves 


®p2 


(P X IP\ (]R,^),]R) 


^+1 


2 


totally real 


no 


PP*^ X PP^ 


(P X P\ (P,^),C) 


£ + 2 


2 


neither 


no 


PP^ X CP^ 


fP X P^ Pi 


2£ + l 


2 


neither 


no 


CP^ X PP^ 


(P X P\ (C,£),C) 


2£ + 2 


2 


complex 


for i = 5 


CP^ X CP^ 




16 


2 


complex 


yes 






see fKiy, Theorem 4-1 


no 






16 


2 


complex 


yc-o 






see 1^^, Theorem 7.1 


no 






16 


2 


totally real 


yes 


G2(H^)/22 


(G2H^r) 


see /i^r^y, 


Theorem 5.3 


totally real 


no 




(Dili) 


20 


2 


complex 


yes 


SO(10)/U(5) 



Remark 3.4 The Lie triple systems of type {Q,t) , (G2C^,r) and (G2IH'*,t) are contained in 
Lie triple systems of type (Q) (corresponding to a complex quadric ) , (^2©^) (corresponding 
to G2(C^)) and (G2lH^) (corresponding to G2(IH^)/22), respectively. To obtain explicit de- 
scriptions of these types, one needs to apply the results in |K1| and [K2| on the classification of 
Lie triple systems in these spaces. 

To be able to do so, it is important to know how the root systems of the Lie triple systems 
of type (Q) , (G2C^) and (G2lH^) are embedded in the root system of EIII, and also how the 
function (/? parametrizing the orbits of the isotropy action defined for Q"^ and G2(IK"') in [Klj 
resp. in |K2j relates to the corresponding function ip defined for EIII in the present paper. 

Because the Lie triple systems of type (Q) , (G2C^) and (G2lH^) have maximal rank in EIII , 
their respective root systems A(q) , Aj-g^c^^) A^^q^j^a-j are simply subsets of the root system 
A of EIII (see Proposition I2.1l fb). and also see the proof of Theorem 13.31 below). In fact, from 
the definition of these types in Theorem 13.31 it follows immediately that we have 

A(Q) = {±A3,±A4,±2Ai,±2A2} , 

^(G2lH*) = {=t-^l> ±-^2, iAs, ±A4} . 

For each of the types f € {{Q), (G2C^), (G2lH^)} we now let nxf be a Lie triple system of 
EIII of type f , and let (/?f : rtif \ {0} [0, j] be the function parametrizing the orbits of the 
isotropy action of the symmetric space corresponding to mf (i.e. , G2{(C^) or G2(IH^)/22) 
as introduced in |Klj at the beginning of Section 4.2 resp. in |K2j . Section 4. Note that in these 
cases, we always measured the angle (p{v) from the vector corresponding to the shortest root 
present in Q" resp. G2(C") for large n , even if this root vanishes for certain small values of n 
(as happens for G2(IH'^) ). Keeping this in mind, and considering the root systems Af as given 
above, we see that the functions iff is related to the function 93 : m\{0} [0, j] parametrizing 
the isotropy orbits of EIII by 

^{Q)iv) = J - ^{v) for V G m(Q) \ {0} , 
¥'(G2C6)(^^) = V^iv) for V £ m(G2C6) \ {0} , 
</'(G2H4)(^') = f - fiv) for V e m(G2H4) \ {0} • 
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3 The symmetric spaces £;6/(U(l) • Spin(lO)) , Sp(2) and SO(10)/U(5) 



Remark 3.5 We now introduce alternative definitions for some types of Lie triple systems, to 
make it more intuitive that indeed all congruence classes of Lie triple systems are covered in 
Theorem 13. 3^ and also to simplify the notations in what follows. 

First, we consider the types (G2C^,r) resp. (G21H^,t) also for those types r listed in |K2j . 
Theorem 7.1 for n = 4 resp. in [K2j . Theorem 5.3 for n = 2 which have not been mentioned 
in Theorem 13. 3i Then a Lie triple system of EIII is contained in a Lie triple system of type 
(GaC'^) resp. (GaH^) if and only if it is of type (G2C^r) resp. of type (G2H^r) with some 

T . 

Moreover, we define the types (lP,(/7 = 0, (IK,^)) for any IK G {IR, C} and ^ < 5 : We 
say that a linear subspace of m is of that type if and only if it is isotropy-congruent to m' = 
IRA2 © m\,^ © ^'2X2 ' where m'^^^ C mx^ is a hnear subspace of CP-type (IK, £ — 1) and we put 
^'2X2 ■~ "^2A2 if IK = C , m'2x^ '■= {0} if IK = IR. Any such space is a Lie triple system of m, 
and the Lie triple systems of these types are exactly those which are contained in a Lie triple 
system of type (P, </? = 0, ((D, 5)) . 

Likewise, we can define the type (IP, = f > ''") ^Iso for r = with £ < 4 and for r = KP^ 
with IK e {IR, C, H} in the following way: We put H := X{ + aS, and H := M2X, (1) + M2A2 (1) • 
Then a Lie triple system is of type (P, (/9 = ^, S^) if it is isotropy-congruent to a ^-dimensional 
linear subspace of Pi/ © © Pi/. A Lie triple system is of type (P,^? = ^,IKP^) if it is 
congruent to the Lie triple system m' , where we have 

• for]K = P: m' = Pi/© {MAi(t, 0,0,0) -hMA2(0,i, 0,0) |t G P}. 

• for IK = C: m' = Pi/ © { Ma^ (c, 0, 0, 0) Ma2(0, c, 0, 0) | c e C } © P^ . 

• for K = H: m' = IRii © { Ma, (ci, C2, 0, 0) + A/a2(c2, ci, 0, 0) | ci, C2 € C } © Ma,(0, 0, C) © H// . 
Then the Lie triple systems of EIII which are contained in a Lie triple system of type (P, (/? = 
J, ®P^) are exactly those which are of a type of the form (P, ip = j,t) . 

Finally, the type (P x P\(Ki,£),K2) 

can be defined also for ^ < 3 by applying the same 
definition as in the Theorem. Then the Lie triple systems of EIII which are contained in 
(P X P\((D,5),C) are exactly those which are of the type (P x P\ (Ki, ^), K2) with some 
Ki,K2 G {P,C} and £ < 5. 

These "newly defined" types are identical, however, to types of the form {Q,t) or (G2C^,r) 
defined in Theorem 13. 3[ This is detailed in the following table: 



The type ... defined here 


is identical to the type ... from Theorem 13.31 


(G2C^(P,(/p = 0,(P,A;))) 


(Q,(I2,A;)) 


(G2C6,(P,(^ = 0,(C,A;))) 


(Q,(Il,fc)) 


(G2€^(S,V9 = arctan(i),2)) 


(Q,(A)) 


(G2C6,(P,(/.= f,(P,l))) 


(Q,(Pi,i)) 


(G2C6,(P,v^ = f,(C,l))) 


(Q,(P1,2)) 


(G2C6,(P,(^ = f,(S3))) 


(Q,(P1,3)) 


(G2(D6,(P,y. = f,(H,l))) 


(Q,(P1,4)) 


(G2C6,(G2,(P,1))) 


(Q,(I2,2)) 


(G2C6,(G2,(C,1))) 


(Q,(I1,2)) 


(G2C6,(G2,(P,2))) 


(Q,(P1,4)) 


(G2C6,(G2,(C,2))) 


(Q,(G1,4)) 


(G2C6,(Si X S^,k)) 


(Q,(P2,l,fc)) 


{G2<CMQ3)) 


(Q,(G2,3)) 


(G2H^, (P, (p = 0, t')) with dim(r') = 1 


(Q,(Pl,^r'))) 
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The type ... defined here 


is identical to the type ... from Theorem 13.31 


(G2H^ (P, if = arctan(i), 2)) 
(G2H^ (P, = f , (K, 1))) with K G {M, C} 
(G2H^ (G2, (K, 1))) with IK G {P, C} 
(G2H^(G2,(P,2))) 
(G2H^(G2,((D,2))) 
(G2lH^, (P X P,T',r")) with dim(T') = dim(T") = 1 
(G2H^(Sl x§5,l)) 
(G2H^(§l xS^2)) 

(G2H^(Q3)) 


(G2C^ (P, if = arctan(i), (P, 2))) 
(G2C6,(P,(^ = 0,(]K,1))) 
(G2C6,(P,(/.= f,(]K,2))) 
(G2C6,(P xP,(P,l),(P,l))) 

(G2C6,(G2,(P,4))) 

(Q, (G2, w(t'),w(t"))) 

(G2C6,(PXP,(P,1),(P,1))) 

(G2C6,(PxP,(C,l),(P,l))) 

(G2C6,(G2,(P,3))) 


(P,(/p = 0, (P,l)) 
(P,^ = 0, (P,2)) 
fP 03 = fP 3)) 
(P,(/p = 0, (P,4)) 
(P,03 = 0, (P, 5)) 
(P,(/7 = 0,(C,^)) with ^ < 4 


(Geo, ip = 0) 
(G2C6,(P,(/7 = 0,(C,1))) 
fGoC*^ fP w = fS^))) 
(G2C6,(P,(/. = 0, (H,l))) 

((3,(11,^)) 


(P,(/7 = f ,S^) with £ < 4 
(P,(/? = f ,]KP2) with K G {P,C,H} 


(Q,(Pi,^)) 

(G2C6,(P,^=f,(]K,2))) 


(P X P\(Ki,£),K2) with £ < 3 


(G2C6,(PxP,(Ki,£),(K2,l))) 



As an example for proving these identities, we consider the type (JP,(p = 0, (C,4)) . To prove 
that this type is identical to the type {Q, (11,4)) , it suffices to show that the space m' := PA^© 
Ma2(€,C,C,0) ©M2A2(P) of type (P, = 0, (C, 4)) is isotropy-congruent to a space Ad{g)m' 
contained in the Lie triple system ffi' := © Mx-^ (C, C, C) © Mx^ (C, C, C) © M2A1 (P) © M2A2 (P) 
of type (Q) . Because Ad{g)m' has the isotropy angle with respect to EIII, it has the isotropy 
angle j with respect to (see Remark [3.4p : because it is also a complex subspace, it then must 
be of type {Q, (11,4)) by the classification of Lie triple systems of the complex quadric given 
in |Klj . Theorem 4.1. — To show that such an isotropy-congruence indeed holds, notice that 
with Z := Ko,,{V8) G 6 we have ad(Z)A2 = ad(Z)M2A2(i) = and ad(Z)MA2 (ci, C2, C3, 0) = 
Mx^{c2,ci, —C3) + Ma4(— ci, — C2, C3) for any t G P, ci, 02,03 G C This shows that with 
g := exp(f Z) G we have Ad{g)m' = PA2 © { Maj (c2 , ci , -c^) + Mx^i-ci, -02,03) | ci, 02,03 G 

(C}©M2A2(p) ca'. 

Remark 3.6 For the space EIII , Table VIII of [GN] correctly lists the local isometry types of 
the maximal totally geodesic submanifolds. However, the totally geodesic submanifolds corres- 
ponding to the types (G2H^) and (Q) are of isometry type G2(H^)/22 resp. G^(P^°) ^ 
(see Section [3?3l) . and not of isometry type G2(IH^) resp. G2(P^°) (as [CN] claims). 

It should be noted that EIII contains spaces of rank 1 as totally geodesic submanifolds in a 
"skew" position in the sense that their geodesic diameter is strictly larger than the geodesic 
diameter of the ambient space EIII . However, none of them is maximal in EIII . The 
"skew" totally geodesic submanifolds which are maximal among the totally geodesic submani- 
folds of EIII of rank 1 are those of the types (G2lH^, (P, = arctan(^), 3)) (isometric to 
an PP^ of sectional curvature |), {Q,{A)) (isometric to a 2-sphere of radius |\/lO) and 
(G2(D^, (P, = arctan(^), (G, 2)) (isometric to a CP^ of holomorphic sectional curvature |). 
The existence of these "skew" totally geodesic submanifolds cannot be inferred from Table VIII 
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of |CN| . For explicit constructions of these "skew" totally geodesic submanifolds in G2(IH^) , 
Q3 resp. G2(C6) , see [K2], Sections 6 and 7.^ 

The remainder of the present section is concerned with the proof of Theorem 13.31 

We first mention that it is easily checked using the Maple implementation of the algorithms for 
the computation of the curvature tensor that the spaces defined in the theorem, and therefore 
also the linear subspaces m' C m which are congruent to one of them, are Lie triple systems. 
It is also easily seen that the information in the table concerning the dimension, the rank, and 
the question if m' is complex or totally real is correct (for the latter, use the description of the 
complex structure of EIII given in Section [3.ip . The information on the isometry type of the 
corresponding totally geodesic submanifolds will be proved in Section 13.31 

We next show that the information on the maximality of the Lie triple systems given in the 
table is correct. For this purpose, we presume that the list of Lie triple systems given in the 
theorem is in fact complete; this will be proved in the remainder of the present section. 

That the Lie triple systems which are claimed to be maximal in the table indeed are: This is 
clear for the type (Dili) , because it has the maximal dimension among all the Lie triple systems 
of EIII. The Lie triple systems of the types (P, = f , ©P^) , (Q) , (GgC^) and (GaH^) all are 
of dimension 16 , therefore if they were not maximal, they could only be contained in a Lie triple 
system of type (DIII) , because these are the only ones of greater dimension. The spaces of the 
types (P, ^ = J, ®P^) and (G2]H^) are real forms of EIII , and therefore cannot be contained in 
a (complex) Lie triple systems of type (Dili) . The restricted Dynkin diagrams with multiplicities 
of the Lie triple systems of type (Q) and (Dili) are => #6 and #4 <^(j)4[i] ^ respectively. 
Thus the short roots in a Lie triple system of type {Q) have greater multiplicity than all the 
roots in a Lie triple system of type (Dili) , and hence a Lie triple system of type (Q) cannot be 
contained in any Lie triple system of type (Dili) either. Assume that the Lie triple system m' := 
ae Ma, (C, C, 0, 0) Mx^ (C, C, 0, 0) © Mx, (0, 0, (D) © Mx, (0, 0, (E) © M2X, (P) © M2X, (P) of type 
(G2(D^) were contained in a Lie triple system of type (Dili) i.e. in a space isotropy-congruent to 
m' := a(BMx, (C, 0, C, 0) © Mx^ (€, 0, C, 0) © Mx^ (0, C, C) © Ma, (0, (D, C) © M2A1 (IR) © M2A2 (IR) • 
Then there would exist g G K so that Ad{g) maps Ma^(C,C,0,0) onto Ma^(C,0,€,0) for 
k G {1,2}. But this is a contradiction to the fact that the action of Ad{g) commutes with the 
map Ma^ (ci, C2, C3, C4) 1— > Ma2(c2, ci, C4, C3) (Proposition 13. ip . so also the Lie triple systems of 
type (^2^^) cannot be contained in a Lie triple system of type (Dili) . Finally, we note that 
the Lie triple systems of type (P x P^, (C, 5), C) are of rank 2 and have the Dynkin diagram 
jjj8[i] ,1 _ They have a restricted root of multiplicity 8 , which is greater than the multiplicity of 
any root in any other Lie triple system of EIII of rank 2 . Therefore also this type is maximal. 

That no Lie triple systems are maximal besides those mentioned in the theorem follows from 
the following table: 



*The most general of these constructions in [K2) is the construction of a "skew" HP^ (of type (TP, ip = arctan(i), (H, 2)) ) 
in G2(]H^) described in Section 6 of [K2) . It is based on the fundamental 14-dimensional representation with quaternionic 
structure of Sp(3) , which is realized as a sub-representation of the representation of Sp(3) on /\^ (D® , see also [BtD] . p. 269ff. 
I would like to remark that this representation is not equivalent to the representation of Sp(3) on 3(3, H)"^ involved in 
Cartan's construction of isoparametric hypersurfaces in the sphere. This is easily seen, because the latter representation, 
although it is also 14-dimensional and irreducible, admits a real structure, and thus cannot admit a quaternionic structure, 
see [BtD) . Proposition II. 6. 5, p. 98. 
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Every Lie triple system of type ... 


is contained in a Lie triple system of type ... 


(Geo, (p = t) 
(P,(^ = f,S'=) 
(P X P\(]K,£),P) 
(P X P\ (K, i), (D) with (K, i) / (C, 5) 
{Q,r) 
(G2C6,r) 
(G'2H^T) 


(P X P\(P,1),P) 

(P,^ = f,©p2) 
(P X P\(K,£),(D) 
(P X P\(C,5),(D) 

(Q) 
(G2C6) 



indeed complete. For this purpose, we let an arbitrary Lie triple system m' of m , {0} 7^ m' C m , 
be given. In the sequel, we will also use the additional names for types of Lie triple systems 
introduced in Remark 13.51 it has been shown there that these types are equivalent to other types 
defined in Theorem 13.31 

Because the symmetric space EIII is of rank 2 , the rank of m' is either 1 or 2 . We will 
handle these two cases separately in the sequel. 

We first suppose that m' is a Lie triple system of rank 2 . Let us fix a Cartan subalgebra a 
of m' ; because of rk(m') = rk(m) , a is then also a Cartan subalgebra of m . In relation to this 
situation, we use the notations introduced in Sections [2l and [3TT1 In particular, we consider the 
positive root system A+ := {Ai, A2, A3, A4, 2Ai, 2A2} of the root system A := A(m, a) of ra, 
and also the root system A' := A(m',a) of m' . By Proposition I2.1l fb). A' is a root subsystem 
of A , and therefore A^ := A' n A+ is a positive system of roots for A' . Moreover, in the root 
space decompositions of m and m' 



m 



mA and m' 



AeA' 



(9) 



the root space m';;^ of m' with respect to A G A^ is related to the corresponding root space rtiA 
of m by m';^ = rriA H m' . 

As was noted in Section [3?H ttiaj. is a complex subspace of m for A; G {1,2} . The following 
proposition describes how the position of m';^^ in mA^. with respect to the complex structure is 
controlled by the presence of the root 2Afc in A' . 



Proposition 3.7 For k £ {1,2} , m';^^ is either a complex or a totally real subspace of nxAj. ; it 
is a complex subspace if and only if 2\k G A' holds. 

Proof. First suppose 2Afc G A' . Because of n2Xf, = 1 we then have va'2\^ = vci2Xf. ~ M2\^ (IR) • For any given 
V G m'x-^ we have^ J?(A|, u)M2Afc (1) = ~^Jv, and this vector is a member of m' by the fact that m' is a Lie 
triple system. Thus Jv £ n m' = m';^^ holds, and hence m';^^^ is a complex subspace of rriAfc • 

Now suppose 2Afc ^ A' . For any given v,w £ m'x^ we have m' 9 R{Xl.,v)w = i {v, w) X{ + ^ {v, Jw) IVhx^ (1) ; 
because of 2\k ^ A' it follows that {v, Jw) = holds. Hence m'x^ is a totally real subspace of mx^. • □ 

We now distinguish three cases depending on the structure of A' , which we will treat separately 
in the sequel: 

(a) A3,A4 G A' 

(b) either, but not both, of A3 and A4 are members of A' 

(c) A3,A4 0A' 



The evaluation of R is done here, as in all the following situations, using the Maple package described in iK.ii . as explained 
in the Introduction. 
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Case (a). Because of A3 € A' , there exists v £ m'^^ with = 1 . By Proposition 13. 11 there 
exists g £ Kq C K so that Ad{g) maps v into Ma3(0, 0, 1) , and therefore m' into another Lie 
triple system m" := Ad(g')m' , so that we have M\^{0,0, 1) G m"^ . This argument shows that 
we may suppose without loss of generality that Ma3(0,0, 1) G m';^^ holds. 

We have for any v = (ci, C2, C3, C4) : R{X{,v)Mx3{0,0,l) = ^ Mx2{cii,C2i,-C3i,-C4^i) , 
and for any v = (ci, C2, C3, C4) : R{Xl,v)Mx,^{0,0,l) = Mx^{cii,C2i, -031,-04^1) . Be- 
cause of the fact that m' is a Lie triple system, it follows that we have for any ci, . . . , C4 G C 

Mai(ci,C2,C3,C4) G m'x^ Mx^icii, 021, -csi, -c^i) G m'^^ . (10) 

This equivalence in particular implies (Ai G A' 44> A2 G A') and n^^ = n'^^ . 

Because A' is invariant under the Weyl transformation given by the reflection in (A3)-'"''' (note 
A3 G A' ), we also have (2Ai G A' 44> 2A2 G A') . 

Let us first suppose 2Ai,2A2 G A'. Then m';^^ is a complex subspace of mx^ for k G {1,2} 
by Proposition 13.71 Hence n := n'x^ = n'x^ is an even number, and we consider the possible 
values 0,2,4,6,8 for n individually in the sequel. 

If 71 = holds, we have A' = {ibA3, ibA4, ib2Ai, ib2A2} ; this is a closed root subsystem of 
A . Therefore the maximal linear subspace m' := a© 0AeA' "^a of m corresponding to A' is a 
Lie triple system (see Proposition 12. 6p : its corresponding Dynkin diagram with multiplicities is 
«i => »6 . Therefore the totally geodesic submanifold corresponding to m' is locally isometric to 
the complex quadric . m' is also regarded as a subspace of in' a Lie triple system; therefore 
m' is of one of the types described in the classification of the Lie triple systems of Q'"^ in |Klj . 
It follows that if ra' = m' holds, then m' is of type (Q) ; otherwise it is of type (Q, r) , where 
r is one of the types of Lie triple systems of m' as described in |Klj . Theorem 4.1 for m = 8 . 

For re 7^ , an argument based on Proposition 13.11 similar to the previous one shows that 
we may suppose without loss of generality besides the earlier condition (0,0,1) G m.'x^ 
also Maj(1,0, 0,0) G m';^^ . Because m'^^^ is a complex subspace of mx^ , we then in fact have 
Ma^(C, 0,0,0) C m';^^ . This fact induces further relations between the root spaces of m' besides 
(llOp . which we now explore. 

For any v := MA3(di, ^2, ^3) we have u := R{Xl,v)Mx^{l, 0,0,0) = MxSdci,0,i'(h, -idi) 
and i?(n, (1, 0, 0, 0))A^ = -^v + ^^Mx^{—di,d2,d3) . An analogous calculation applies 
starting with v = Mx^{di,d2,d3) , and in this way we see via the fact that m' is a Lie triple 
system: 

MA3(di,a!2,(i3) e m'A3 =^ Mx^{id3,0,id^, -idi) e m'x^ , (11) 
Mx,{di,d2,d3) G m'A3 ^ Mx,{-di,d2,d^) G m'A^ . (12) 

Moreover for any v := Mx2{ci, 02,03,04) we have i?(MA^ (1, 0, 0, 0), u)A3 = 
■^Ma3(— C4i, —031,011) and therefore, again by the fact that m' is a Lie triple system 

Ma2(ci,C2,C3,C4) G mA2 =^ Mx^{-04i,-c^i,oii) em'x^ . (13) 

We can use these relations to draw the following consequences from the fact Maj (C, 0, 0, 0) C 
m';^^ : First, from ([10]) we obtain Ma2(C, 0,0,0) C m';^^ . By ([T3|) therefrom Ma3(0,0,C) C m';^^ 
follows, and therefrom we finally obtain by (fT2]) : Ma4(0, 0, (D) C m';^^ . Remember for the sequel 
also that we have m2Afc = M2x^.O^) ^'^^ A; G {1, 2} . 
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If n = 2 holds, then we in fact have m';^^ = Mx^ (C, 0, 0, 0) and m';^^ = Mx^{(C, 0, 0, 0) ; because 
of m]) we then have m';^^ = Ma3(0,0,€) , and therefore m';^^ = Mx^iO,0,(C) by Thus we 

see by the root space decomposition ([9]) that 

m' = a e Mx, (C, 0, 0, 0) Mx^ (C, 0, 0, 0) © Mx, (0, 0, C) © Ma, (0, 0, (D) © M2X, (K) © M2X2 (K) 

holds, and thus m' is of type (GaC^, (G2, (C, 3))) . 

If n = 4 holds, then the Dynkin diagram with multiplicities corresponding to m' is »^ -^(J)^!^] 
with some 1 < ^ < 6 ; from the classification of irreducible Riemannian symmetric spaces (see, 
for example, [Lo|, p. 119, 146) we see that i = 2 and i = 4: are the only possibilities. If i = 2 
holds, we have m';^^ = Mx^{0, 0, C) and m';^^ = Mx^{0, 0, C) . Because of n = 4 we see from (fT3]l 
that m'^^ = Ma2(C,C,0,0) and therefore by ([10]) also m'^^^ = Mai(C,C,0,0) has to hold. Thus 
we see that 

m' = a © Ma, (C, C, 0, 0) © Ma^ (C, C, 0, 0) © Mx, (0, 0, C) © Ma, (0, 0, (D) © M2A1 (IR) © Msa^ (K) 

holds, and hence m' is of type (G2C^) . On the other hand, if i = A holds, we let v G m';^^ be 
a unit vector which is orthogonal to Maj(C, 0,0,0) C m'^_^ ; we have v = Ma^ (0, C2, C3, C4) with 
some C2 , C3 , C4 G C , and 

m'A^ = Mai(C, 0,0,0) ©lRu©IRJu (14) 

holds. Because of u £ ^Ai ' have Maj (0, C2^, — csi, — 04?) G m';,^^ by (fTOl) . therefore 
Ma3(— C4, C3, 0) G m'^g by (fT3l) . thus Maj (0, 0, — ica, — ^04) G m';^^ by (ITT]) , and hence finally 
Maj (0, 0, C3, C4) G m';^^ by (fTOl) . From (fHI) and the explicit description of J in Section [3TT] we 
see that 

(0,0, C3, C4) G IR(0, C2, C3,C4) © IR(0, -ic2,ic3, -104) 

holds; this implies that we have either C2 = or C3 = C4 = . In fact, C3 = C4 = is impossible, 
because then we would have m';^^ = Ma^ (C, C, 0, 0) , therefore by ([TU]) also m';^^ = Mx^ (C, C, 0, 0) , 
and therefore by (|11|) m^^ C Ma3(0,0,(D), in contradiction to 1 = 4. Therefore we have 
C2 = and thus f = Ma^ (0, 0, C3, C4) . We have ad(A'Q4(2))MAi (0, 0, C3, C4) = Ma^ (0, 0, -cj, q) , 
therefore by the application of a rotation Ad(exp(i7)) with suitable H G lRa4 © Ka^{(C) = 
5u(2) to m' , we can arrange C4 = , and thus m';;^^ = Maj (C, 0, C, 0) . Then we have m';^^ = 
Ma2(C,0,C,0) by (Uni), m'^^ = Ma3(0,C,C) by ^ and the fact that £ = 4, and m';^^ = 
Ma4(0,(D,(D) by ((12]). Therefore 

m' = a © Ma, (C, 0, (D, 0) © Ma^ (C, 0, C, 0) © MA3 (0, C, C) © Ma,(0, C, C) © M2X, (K) © M2A2 (IR) 
is of type (Dili) . 

The case n = 6 cannot occur, because the Dynkin diagram with multiplicities corresponding 
to m' would then be «^ with some 1 < ^ < 6 ; (fT3|) shows £ > 4. But the classification 

of irreducible Riemannian symmetric spaces (see [Lo] . p. 119, 146) shows that no symmetric 
space with such a diagram exists. 

Finally, if n = 8 holds, we have = mx^. for G {1, 2} , from (fT3]) we obtain m'^^,^ = mx^^ , 
from (fT2|) we then obtain m';^^ = rriA, , and we also have Tn2Aj, = ^2Xh for ^ G {1, 2} . Thus we 
have m' = m . 

Let us now consider the case where 2Ai,2A2 A'. Then m^^ and m^^ are totally real 
subspaces of xnx^ resp. mx2 by Proposition 13. 7[ We either have Ai,A2 G A' or Ai,A2 ^ A' 
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because of the invariance of A' under the Weyl transformation induced by A3 G A' . If Ai, A2 ^ 
A', i.e. A' = {ibA3,±A4} holds, then m' is again contained in a Lie triple system in' of type 
(Q) , and therefore, by the classification of Lie triple systems in in' given in [Kl], m' is of type 
{Q, r) , where r is one of the types listed in Theorem 4.1 of [Klj for m = 8 . 

So we now suppose Ai, A2 G A' . Once again using Proposition l3.lt we may suppose without 
loss of generality that m';,^^ C Mx-^ (IR, IR, IR, IR) holds because m';,^^ is totally real, and also 
that M;s^j (1, 0, 0, 0) G m'^^ holds. The proof of Equations pT]) - (fT3]) was based only on the fact 
that Mx-^ (1, 0, 0, 0) G m'^^ holds, and therefore these equations will again be valid in the present 
situation. Therefore we have m'^^^ C Mx^iiM.,iJR.,iM,iM) by then m';^^ C (IR, IR, IR) 
by (USD, and then m';^^ C Ma4(IR, IR, IR) by (fH]) . 

Therefore m' is contained in the Lie triple system 

m' := a e (IR, M, IR, IR) Mx^ (ilR, ilR, ilR, ilR) Mx^, (M, IR, M) Mx^ (M, IR, IR) , 

of type (G2lH^) . fri' has the Dynkin diagram ,3 ,4 ^ and therefore the corresponding totally 
geodesic submanifold is locally isometric to G2(IH^). m' is also a Lie triple system of fa', 
therefore we have either m' = m' , or m' is of one of the types described in the classification of 
Lie triple systems of G2(IH"^^) given in Theorem 5.3 of [K2] for n = 2. It follows that m' is 
either of type {G2^^) (if m' = m' holds), or of type (G2lH^, r) , where r is one of the types of 
Lie triple systems of ffi' as described in Theorem 5.3 of |K2j for n = 2 . 

Case (b). Here we suppose that either, but not both, of A3 and A4 are in A'. Without 
loss of generality we may suppose A3 G A' , A4 A' . Because A' is invariant under its 
Weyl transformation group, we then have A' = {±A3} and therefore m' = a m';^^ is of type 
(Q,(G2,£,1)) with £:=l + n'^.^, 2<£<7. 

Case (c). So now we have A3, A4 A' . Let us first consider the case where at least one of the 
roots Ai and A2 is not in A' . Without loss of generality we suppose A2 A' , so that we have 
A' C {±Ai, ±2Ai, ±2A2} . For k G {1, 2} we put IK^ := C if 2Afe G A' , K^. := IR if 2Afc A' . 
Proposition 13.71 then shows that m';,^^ is a linear subspace of mx^ of type (IKi, dimiK^ (m';^^)) . It 
follows that m' is of type (IP x P\ (Ki, 1 + dimKi (m';,^J), IK2) . 

Now consider the case Ai,A2 G A' . As before, we may use Proposition 13.11 to suppose 
without loss of generality that Maj(1,0,0,0) G m';^^ holds. Let v G m';^^ be given, say 
V = Ma2(ci,C2,C3,C4) with ci,...,C4 G C, then we have m' B R{Mxi{l, 0,0,0),v)Xl = 
— ^ Mx^ {ic4,ic3, —ici) . Because of A3 A' it follows that we have ci = C3 = C4 = and thus 
we have m'^^ C (0, C, 0, 0) . Without loss of generality we may suppose Mx2 (0,1,0,0) G m'A^ . 
Now let V G m';^^ be given, say v = Ma^ (ci, C2, C3, C4) with ci,...,C4 G C, then we 
have m' 9 i?(MA2 (0, 1, 0, 0), ?;)A3 = ^ Mx3{ic3,ic4,ic2) . Because of A3 A' we obtain 
C2 = C3 = C4 = , and thus m';,^^ C Maj (C, 0, 0, 0) . Because xnx^. is either complex or to- 
tally real according to whether 2Afc is or is not a member of A' by Proposition 13.71 we see that 
m' is of the type (G2C6, (P x P, (IKi,2), (IK2,2))) , where for k G {1,2} we put IK^ := C if 
2Afc G A' , Kfc := P if 2Afe A' . 

This completes the classification of the Lie triple systems of EIII of rank 2 . 

We now turn our attention to the case where m' is a Lie triple system of rank 1 . Via 
the application of the isotropy action of EIII , we may suppose without loss of generality that 
m' contains a unit vector H from the closure c of the positive Weyl chamber c of m (with 
respect to a and our choice of positive roots). By Equations ([7]) and ([8]) we then have with 
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ifo := ip{H) G [0, f ] 

H = cos{(fo) A2 + sm{ipo) Xi ■ (15) 

Because of rk(m') = 1 , a' := IRff is a Cartan subalgebra of m' , and we have 0' = nm' . 
It follows from Proposition 12 . 1 ( a) that the root systems A' and A of m' resp. m with respect 
to a' resp. to are related by 

A' c { \{H) ao I A e A, \{H) / } (16) 

with the linear form ao : a' — > IR, tH 1— > t ; moreover for m' we have the root space decomposi- 
tion 

m' = a'© m'^ (17) 

where for any root a £ A' , the corresponding root space is given by 

/ \ 



nxA 

\X(H)=a{H) j 



n m' . (18) 



If A' = holds, then we have m' = IR// , and therefore m' is then of type (Geo, ip = 990) • 
Otherwise by the same consideration as in my classification of the Lie triple systems in G2(IH"') 
( [K2| . the beginning of Section 5.2), we see that 

(^0 G {0, arctan(|), arctan(^), ^} 

holds; moreover in the cases (/?o = arctan(|) and 999 = arctan(^) , A' cannot have elementary 
roots in the sense of Definition 12. 2[ 

In the sequel we consider the four possible values for ip^ individually. 

The case (^0 = . In this case we have i/ = A2 by Equation ()15p and therefore 



\x{H) = 2\i{H) = 0, MH) = X^iH) = X^iH) = 1, 2X2{H) = 2 . 

Thus we have A' C {±a,±2a} with a := A2I0' = A3I0' = A4|a' by Equation ([16]), m' = 
IRi7©mQ©m2^ by Equation p!7j) . and C mA2©iTiA3©mA4 and m'gQ C m2A2 by Equation (TE^ . 

We first note that if in fact m'„ C itiaj holds (this is in particular the case for a A' ) , then 
by the same argument as in the proof of Proposition 13.71 is either a complex or a totally 
real linear subspace of , depending on whether 2a is or is not a member of A' . Therefore 
m' then is of type (P, if = 0, (IK,£)) with IK G {IR, C} and £ := dim]K(m'„) + 1 . 

Also, if m'„ C tTiAg © tnA4 holds, then m' is contained in a Lie triple system in' of type (Q) , 
and therefore m' is of type {Q,t) , where r is a type given in [Klj . Theorem 4.1 for m = 4 . 

Thus we now suppose ra'^ ^ mx^ and m'^ <f. rriAg © tnA4 , in particular we have a G A' . We 
will show that in this situation, m' is conjugate under the isotropy action to another Lie triple 
system whose corresponding root space decomposition satisfies m'„ C m'^^^ or m'o, C m';!^^ © ■ 
It then follows by the above discussion that m' is of one of the types of the Theorem. 

It follows from our hypotheses m'^ {Z! tTiAj and m'^ {Z! triAa © rnA4 that there exists a unit vector 
G m', say vq = Ma2(ci, C2, C3, C4) + MA3 (di, ^2, t^s) + AfA4(ei, 62, 63) , with (01,02,03,04) 7^ 
(0,0,0,0) and (di, (i2, ^3, ei, 02, 03) 7^ (0, ...,0). By virtue of Proposition [3T] we may suppose 
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without loss of generality that (01,02,03,04) = (t, 0,0, 0) holds with some t £ IR \ {0}, and 
furthermore that (^1,^2,^3) = (,3,0,0) holds with s G IR. Then we have 

vo = Mx,{t, 0,0,0) + Mx,{s, 0,0) + Mx,{ei, 62, 63) . (19) 

Because R{H,vo)vo is a member of m' , the itiai -component of this vector, which equals 

t ■ ^Mx^{ie3 , , -ie^ , i{ei - s)) , 

must vanish (because of Xi{H) = ), and therefore we have ei = s , 02 = 03 = , and therefore 

vo = Ma, {t, 0, 0, 0) + (s, 0, 0) + M^, {s, 0, 0) . 

We have 

ad(i^„,, {V8))Mx, (1, 0, 0, 0) = (1,0, 0) + Ma,(1, 0, 0) 
and ad(/^„,,(\/8))(MA3(l,0,0) + Ma, (1,0,0)) = -Ma,(1, 0, 0, 0) , 

therefore the 1-parameter subgroup {exp{Ka-^^-^{t))}ti=]R of the isotropy group acts as a rotation 
group on the plane MMx^il, 0, 0, 0) © M{Mxs{l, 0, 0) + Ma4(1, 0, 0)) ; it follows that a suitable 
member of this 1-parameter group maps (via the isotropy action) vq onto A/a, (1, 0, 0, 0) . By 
replacing m' with its image under the action of that element, we may therefore suppose that 
Ma2(1,0,0,0) e m' holds. 

If this replacement causes either C mx^ or m'^ C rriAa © itia, to hold, then we are done. 
Otherwise, there exists another vector vi G vHa , say vi = Ma, (oi, 02, 03, 04) + Mxg{di,d2,d3) + 
Mxi{ei, 62,62,) , with (01,02,03,04) ^ (0,0,0,0) and (di, ^2, ^3, ei, 02, 03) / (0, . . . ,0) , and which 
is orthogonal to Ma, (1,0, 0,0) G , whence we have Re(oi) = 0. By Proposition 13.11 we 
may suppose without loss of generality (^1,^2,^3) = (1,0,0) (whilst maintaining the condition 
Ma2 (1, 0, 0, 0) e ). Then we have 

R{H,Mx^{l,0,0,0))vi = ^MxS^^^O,-ie^,i{ei-l)) - i M2A2 (Im(oi)) . 

Because this vector is a member of m' , its ttiai -component must vanish. Thus we have oi = 1 
and 02 = 03 = 0. Moreover: If 2a A , also the m2A2 -component vanishes, and thus we 
have Im(oi) = 0, hence oi = . On the other hand, if 2a G A , we also have [K2A2(1))^o] = 
— ^ MA2(i, 0, 0, 0) G m' , and therefore we can replace vi by vi — Im(oi) MA2(i, 0, 0, 0) . Hence 
we can suppose oi = in any case. Thus vi is of the form 

i;i = Ma2(0, 02, 03,04) + Ma3(1,0,0) +Ma,(1, 0,0) . 

We now calculate R{H, vi)vi G m' : 

R{H,vi)vi = {\^ + \)-H -^Mx,{ici,0,ic^,0) . 

The rriAi -component of this vector again vanishes, and thus we obtain 02 = 04 = . Thus we 
have 

VI = Ma2 (0, 0, 03, 0) +Ma3 (1,0,0) + Ma, (1,0,0) . 

We now consider the Lie subalgebra b := IRag © i^Q,g(C) of 6, which is isomorphic to su(2) . 
For G (D we have 

ad(K,,(2))MA2(0,0,o,0) = ^(Ma3(c,0,0) + Ma, (0,0,0)) 
and ad(K«,(2))-l5(MA3(o,0,0) + MA,(o,0,0)) = -Ma2(0, 0,0,0) , 
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therefore the connected Lie subgroup B of K with Lie algebra b acts on the complex 2-plane 
(0, 0, (D , 0) ® { (c, 0, 0) + (c, 0, 0) I c G C } as SU(2) , and further 

ad(K„,(2))MA,(l,0,0,0) = 0, 

therefore the action of B leaves Ma2(1,0, 0, 0) invariant. Hence, by replacing m' with Ad{g)m' 
for an appropriate g & B , we can transform vi into (0, 0, 1, 0) , while leaving (1, 0, 0, 0) 
invariant. By replacing m' with Ad{g)m' , we can thus ensure besides Mx2(l,0, 0,0) G m'^ also 
Ma, (0,0, 1,0) em;,. 

If this replacement causes C mx^ or C mx.^ © mA4 to hold, then we are 

done. Otherwise, there exists yet another vector V2 G tria , say V2 = Ma2(ci, C2, C3, C4) + 
Mx3idi,d2,ds) + Mx^iei, 62,63) with (di, ^2, (is, ei, 62, 63) / (0, ...,0), which is orthogonal to 
Ma2(1, 0, 0, 0), Maj (0, 0, 1, 0) G m'„ , whence we have Re(ci) = Re(c3) = 0. By an analogous 
argument as previously, we in fact obtain ci = C3 = . Then we calculate 

R{H, V2)Mx, (1, 0, 0, 0) = ^ Mx, ( (es - ^)i , , -(d^ + e^)i , (d - di)i ) + IM2X, (Im(ci)) 

and 

RiH,V2)Mx,{0,0,l,0) = ^Mx,{{e2-d2)i, (ei - di)i , (ds + ej)^ 0) + |M2A2(Im(c3)) 

Because these vectors are elements of m' , their itiai -components vanish. From this fact, we 
derive the equations ei = di and d2 = d^ = 62 = = . Using the fact that these equations 
hold, we now calculate 

R{H,V2)v2 = + ^)i? + ^MxAicIdi ,0,ic^di , 0) . 

Also this vector is an element of m' , and thus its mAj -component once again vanishes, whence 
it follows (because di ^0) that we have C2 = C4 = , hence V2 = Mx^ {di,0,0) + Mx^ (di , 0, 0) . 
Now let Z := Kai{2) . Then we have ad(2')i;2 = as well as 

ad(Z)MA2(l,0,0,0) = ^(Ma3(0,0,1) +Ma4 (0,0,1)) =: v'q , 
ad(Z)i;(, = -MA2(l,0,0,0) 

and 

ad(Z)MA2(0, 0,1,0) = ^(Ma3(0, 1,0) +Ma4 (0,1,0)) =: v[ , 
ad{Z)v[ = -Ma2(0,0,1,0) . 

These equations show that the adjoint action of the one-parameter subgroup B of K tangential 

to Z leaves the element V2 of m' invariant, whereas it acts as a rotation on the 2-planes spanned 
by Ma2(1,0,0,0) and Ma3(0, 0, 1) + Ma4(0, 0, 1) , resp. by Ma2(0,0,1,0) and Ma3(0,1,0) + 
Ma4 (0,1,0). It follows that there exists g £ B so that we have Ad((7)MA2 (1, 0, 0, 0) = v'q, 
Ad(y)MA2 (0, 0, 1, 0) = v'l and Ad{g)v2 = V2 holds. We replace m' by the Lie triple system 
Ad{g)m' . Then we have Vq,v'i,V2 G , and it turns out that any vector v G tn'^, which 
is orthogonal to the C-span of Vq,v[,V2 is necessarily zero. Therefore we now have tn'^, C 

tTlAg © mA4 . 

This completes the treatment of the case ipo = . 
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The case (fo = arctan(|) . We have by Equation (fTSl) : H = x\ + x\ and therefore 
Ai(^) = ^, X2{H) = ^, Xs{H) = ^, X,iH) = ^ ,2X,iH) = ^, 2X2{H) = ^ . 

Because there are no elementary roots (Definition 12. 2|) in the present case, it fohows by Equa- 
tion ([16]) that we have A' C {±a} with a := Aaja' = (2Ai)|a' , and by Equations ([I7|),((l8]) we 
have m' = MH © m'^, with m'„ C mx^ © m2Ai • 

It follows that m' is contained in the Lie triple system fri' := a© © rnA4 ® ^2X1 © ^2X2 of 
type (Q) . m' corresponds to a complex quadric of complex dimension 8 , and therefore the Lie 
triple systems contained in fri' have been classified in jKl] . m' is a Lie triple system of rank 1 , 
and its isotropy angle arctan(i) corresponds to the isotropy angle j — arctan(i) = arctan(i) 
in in' , as has been explained in Remark 13.41 It therefore follows from the classification in jKlj . 
Theorem 4.1 that m' is, as Lie triple system of in' , of type (A) . Thus m' is as Lie triple system 
of m of type (Q, (A)) . 

The case ipo = arctan(|) . In this case we have by Equation ((T^: H = -^X2 + ^X\ and 
therefore 

X,iH) = -Ig, X2{H) = ^, X,{H) = ^, X,{H) = -I, 2X,{H) = 2A,(if) = ^ . 

Because there are no elementary roots (Definition 12. 2p in the present case, it follows by Equa- 
tion (fT6|) that we have A' C {±a, ±2a} with a := Ai|a' = Aaja' , 2a = A2|a' = (2Ai)|o' , and by 
Equations ((T7]),((TS]) we have 

m' = IRF © © (20) 

with m'„ C mAi © mx^ and m'gQ, C mAj © m2Ai • 

We have a" = f >\ + z4, and (2a)f = i (2Ai)»-f| A^ . By Proposition El it follows that there 
exist linear subspaces m';^^ C mx^ , 11X2;^^ C m2Ai and isometric linear maps ■ ^'x^ ^Xi , 
^2a '■ ^'2X1 ~^ so that 

T^a = {x + ^/^'^a{x)\x £m'xj and = {x + 2<^>2aix) \ x £ m2x,} (21) 

holds; in particular we have for the multiplicities of the roots of m' : < 6 and n2^ < 1 . We 
now consider the cases 2a G A' and 2a A' separately. 

First suppose 2a G A' . Then we have nj^, = 1 and mg;^^ = m2Ai = -^2Ai(IR.) • *J'2q!(^-^2Ai (1)) 
is a unit vector in triAa , and via Proposition 13. H we may suppose without loss of generality that 
^>2a(M2Ai(l)) = Ma2(1,0,0, 0) holds. By Equation is then spanned by the vector 

^^2a :=M2Ai(1) + 2Ma,(1,0,0,0) . (22) 

We now let v G m'„ be given, say v = Ma^ (oi, 02, as, 04) + Ma3(6i, 62, ^3) with ak,bi G C 
Because m' is a Lie triple system, we have vr := R{H, V2a)v G m' . The root space decomposition 
(I20p together with Equations ()21|) shows that therefore the mA4-component of vji , which is equal 
to 

^Mx,{i{-h + V2a4) , i{b2 + V2a^) , i(6i + V2ai)) 
must vanish, and thus we have 

61 = V2ai , 62 = -V2a^ , 63 = -V2W ■ (23) 



24 



3 The symmetric spaces £;6/(U(l) • Spin(lO)) , Sp(2) and SO(10)/U(5) 



By Equation ([^Tll we have $0,(71^^3(61,62,^3)) = y^2/3 M^^ (ai, a2, 03, 04) ; because $q, is iso- 
metric, it fohows that 

iEl«'^l' = El&^l'^2(|a4|2 + |a3|2 + |ai|2) 
k k 

and hence 

|a2p = 2(|ai|2 + lasl^ + |a4p) 

holds. It follows that the projection map m'^ — > C, v = Mx^ (oi, 02, 03, a4)+MA3(6i, 62, 63) 1— > 02 
is injective, and hence we have ra^ < 2 . We now give vn = R{H, V2a)v explicitly for the situation 
where v satisfies Equations l\23h : 

Because vr G is therefore orthogonal to u , we see that n'^ G {0, 2} holds. If n'^ = 
0, then we have m' = M,H © Wiv2a, and thus we see that m' is of type (G2€^,(P,(/? = 
arctan(i), (C, 1))) . If = 2 then by Proposition 13 . 1 1 we may suppose without loss of generality 
that V = Mai(1,\/2,0,0) + Ma3(0,0,-V2) holds; then we have m' = M.H eM,veJRvReMv2a 
with 4vR = Mx,{i,iV2, 0,0) + Mx^{0,0,V2i) . Therefore m' is then of type {G2<C^,0P,(p = 
arctan(i), (C,2))) . 

Let us now consider the case 2a A' , so that m' = MHQxn'^ holds. If a A , then m' = MH 
is of type (Geo, (p = arctan(|)) , otherwise because of Proposition 13. H we may suppose without 
loss of generality that 

Ma, (1,^/2,0,0)+Ma3 (0,0,-^/2) G . 

If n'„ = 1 holds, then we have m' = IRif©]Ri'Q , and therefore m' is then of type {G2^^, (S, (f = 
arctan(i), 2)) (note that the isotropy angle if = arctan(i) of m' corresponds to the isotropy 
angle j — arctan(^) = arctan(^) within the type {G2^'^) by Remark 13. 4p . Otherwise, we 
let another vector v G m'^ which is orthogonal to Va be given, say v = Ma, (oi, 02, 03, 04) + 
Ma3(6i, 62, 63) with ak,b£ G C, and consider vr := R{H,Va)v G m' . Both the ttiaj -component 
and the m2Ai -component must vanish (because of 2a A'). The mAj-component of vr is 
proportional to 

Ma2( i(\/2 63 + 201) , i(26^ + 2a2) , i (\/2 6^ - 2 03 - 2 61) , i (-2 6^ - 2 04 - \/2 61) ) 
and so we have 

63 = — \/2oi , 63 = — 02, — 261 + \/2 62 = 203 and — \/2 61 — 2 62 = 2 04 , 

hence 

61 = — 1 03 — ^04, 62 = -^03 — §04, 63 = — 02 and a2 = V2ai . (24) 
Moreover the m2Ai -component of vr is proportional to M2Ai(Im(ai — \/2a2)) and so we have 
Im(ai — -v/2 02) = , hence Im(ai) = \/2 Im(a2) —2 Im(ai) , and thus 

Im(ai) = Im(a2) = . (25) 

Further, the condition that v is orthogonal to Va gives 

= {v, Va) = Re(ai) + V2 Re(a2) - V2 Reibs) ^ Re(ai - \/2 02) 
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and therefore Re(ai) = Re(a2) = 2 Re(ai) , hence 

Re(ai) = Re(a2) = . (26) 

From Equations ()25p and (I26p we obtain oi = a2 = . By the remaining equations from (I24p 
we now see that 

7; = Ma,(0,0,c,c?) + AfA3( - |c- ^d, ^c- |d, 0) 

holds with some constants c, d G C . 

We now consider the Lie subgroup b ■.= lRa\(B Ka^i^C) of to , which is isomorphic to su(2) . 
For 2; S C , we have ad{Ka^{z))H = ad{Ka^{z))va = 0, whereas ad{Ka4^{z)) acts on the 
complex plane 

W:={ MAi(0,0,c,d) +Ma3(-|c - ^d, ^c- |d, 0) | c,d e C} 

as a skew-adjoint, invertible endomorphism for z ^ . It follows that the adjoint action of the 
connected Lie group B <Z K with Lie algebra b on m leaves H and Va invariant, whereas 
it acts on ro as SU(2) does. Therefore there exists g £ B so that Ad{g) leaves H and Va 
invariant, and satisfies Ad{g)v = (0, 0, 3, 0) + (—2, \/2, 0) . By replacing m' with the Lie 
triple system K.d{g)x(\! from the same congruence class, we can thus arrange that 

V = Ma, (0, 0, 3, 0) + Ma3 (-2, A 0) 

holds. Hence we see that in the case n'„ = 2 , m' = TRH © JRvq, © IRf is of type (G2lH^, (S, ip = 
arctan(i), 2)) . 

Finally we show that the case n'^ > 3 cannot happen: Let v' G m'^^ be orthogonal to both Va 
and V. Then, as above, the rriAa-component and the m2Ai -component of both R{H,Va)v' and 
R{H, v)v' have to vanish, and these conditions yield v' = . 

The case ipo = ^ . In this case we have by Equation (fT5]) : -^^ = ^^2 + '^i therefore 

Xi{H) = ^, A2(if) = ^, Xs{H) = 0, X,{H) = ^, 2X,{H) = ^, 2A2(i^) = ^ . 

It follows by Equation (fT6]) that we have A' C {±a,±2a} with a := Ai|o' = A2|a', 2a = 
X^la' = (2Ai)|o' = (2A2)|a' , and by Equations ([I7]),([l8]) we have 

m' = TRH © © (27) 

with m'o, C mAi © mx^ and C m2x^ © m2A2 © • 

Further information on the structure of elements of resp. of rrigQ, can be obtained: First 
let V G m'o, be given, say v = Ma, (ai, 02, 03, 04) + Ma2(6i, 62, ^3, ^4) with ak,bk G €. By 
Proposition 12.41 and the fact that = ^ (aJ + A^) holds, we see that we have ||(ai, . . . ,04)!! = 
||(5i, . . . , 64)11 , in particular n'^ < 8 . 

Similarly, for any v G , say v = Mx^{ci,C2,cs) + M2Ai(i) + M2A2('S) with Cfc G C and 
t,s G IR, we consider the vector vr := R{H,v)v G m' . The a-component of vr must be 
proportional to H , and this condition yields |t| = \s\ , hence t = its. Moreover, because of 
X-^^H) = , the As-component of vr , which is proportional to 

Mx^{ici{s - t) , ic2(t - s) , ic^{s -t)) , 
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has to vanish, and thus we have either ci = C2 = C3 = or t = s . If we have t = —s , 
and hence ci = C2 = C3 = , we put Y := K2Xj^{V8) — K2\2{V8) , then we have ad{Y)H = 
M2Ai(l) - M2A2(1) and ad(y)(M2Ai (1) + M2A2(1)) = 4^/2 A^. These equations show that a 
Lie triple system m' where the case t = —s occurs is congruent under the adjoint action of a 
member of the 1-parameter subgroup of K induced by y to a Lie triple system corresponding 
to the case t = s . By replacing m' with the latter Lie triple system, we may suppose without 
loss of generality that in any case xn'2a C mA4 ©IR(Af2Ai(l) + ^2A2(1)) =• ^'20 holds. 

In the case a A' it now follows immediately that m' is of type (P, ip = ^, S^'^'^a^) . 

So let us now turn our attention to the case a £ A' . m' corresponds to a Riemannian 
symmetric space of rank 1 ; the classification of these spaces gives that we have ng^, G {0, 1, 3, 7} 
(corresponding to the projective spaces over the reals, the complex numbers, the quaternions, 
and the octonions, respectively), and that + 1 divides n'^ . 

We continue our investigation of the structure of : Let v G m'^ be given, say v = 
MA^(ai, . . . , 04) + Ma2(6i, . . . , 64) with ak,bk£(C. Then the mAg-component of R{H,v)vGm' 
equals 

^^ai -|(«4&i+ai&4+^2a3+a2^3) , -|(a4 ^2-03 ^3-02 ^4) , 01-0164+63 03-6202) ) • 

Because of X3{H) = , this has to vanish. In this way it follows that 

m'„ C {Mai (01,02,03,04) + Ma2 (02,01, -04, -03) I 01, ... ,04 G C} =: 

holds. 

Therefore in any case m' is contained in the Lie triple system in' := IRff © m'^ © fri2Q, of 
type (P, 93 = ^, (DP^) . The totally geodesic submanifold corresponding to in' is a Cayley plane 
©P^ , and m' also is a Lie triple system of fn' . Therefore it follows from the classification of the 
Lie triple systems of ©P^ (see [W], Section 3), that m' is of one of the types (P,(p = ^,KP^) 
with IK G {P,C,H,©}. 

This completes the proof of the classification of Lie triple systems in EIII . 

3.3 Totally geodesic submanifolds in Eq/{U{1) • Spin(lO)) 

We now study the geometry of the totally geodesic submanifolds of EIII associated to the Lie 
triple systems found in Theorem 13.31 Of course, the local isometry type of the submanifolds 
can easily be obtained by determining the restricted root system (with multiplicities) of the 
corresponding Lie triple systems as they are given in Theorem 13.31 But to obtain the global 
isometry type, and also to understand the position of the submanifolds in EIII better, we 
describe the totally geodesic submanifolds of EIII explicitly. We will also want information on 
how the transvection groups of the respective submanifolds are embedded in Eq , the transvection 
group of EIII . 

In this way, we obtain the results of the following table. Herein, we ascribe the type of a 
Lie triple system also to the corresponding totally geodesic submanifold (or to a corresponding 
totally geodesic embedding). For ^ G IM and r > we denote by §^ the ^-dimensional sphere of 
radius r , and for x > we denote by PP^ the ^-dimensional real projective space of sectional 
curvature x, and by CP^ the ^-dimensional complex projective space of constant holomorphic 
curvature 4m:. Note that with these notations, PP^ is a real form of CP^. Moreover, with 
HP^ resp. ©P^ we denote the ^-dimensional quaternionic projective space resp. the Cayley 
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projective plane, with their invariant Riemannian metric scaled in such a way that the minimal 
sectional curvature equals x . Also for the irreducible Riemannian symmetric spaces of rank 2 , 
their invariant Riemannian metric is a priori only defined up to a positive constant; in the table 
below we describe the appropriate metric of these spaces by giving the length a of the shortest 
restricted root of the space in the index srr=a • We continue to use also the additional names of 
types introduced in Remark 13.51 



type of Lie triple system 


isometry type 


properties^ 


(Geo, (p = t) 
(]P,^ = 0, (K,^)) 

= j,^ ) 
(F,(^ = f,]Kp2) 


IR or §1 

KPLl/2 


(IK,^) = (C, 1) : Helgason sphere 
IK = © : reflective, real form, maximal 


(P xpi,(]Ki,£),]K2) 

(Q) 

iQ,r) 
(G2C6) 
(G2C6,r) 

(G2H^r) 
(Dili) 


IKiPi^i X 
see [Klj. Section 5 

G2((D^)srr=l 

see |K2j. Section 7 

(G2(H4)/Z2)srr=l 

see [K2j. Section 6 
SO(10)/U(5)s„=i 


OKi,£, IK2) = (C, 5, C) : meridian for (Dili) , maximal 
polar, meridian for itself, maximal 

reflective, maximal 
reflective, real form, maximal 
polar, maximal 



For the application of the information from [Kl| and [K2j it should be noted that these two 
papers use different conventions regarding the metric used on the spaces under investigation: In 
the investigation of the complex quadrics in |K1| , the metric is normalized such that the shortest 
restricted roots of Q"^ have length \/2 , whereas in the investigation of G2(C"') and G2(IH'^) in 
[K2j , the metric on these spaces is normalized such that those linear forms which are the shortest 
roots in G2(IK") for n > 5 have length 1 (notice that they are not actually roots of G2(IK^) , 
because their multiplicities then degenerate to zero). Also for the investigation of EIII in the 
present paper, we normalize the metric such that the shortest roots of this space have length 1 . 

By looking at the root systems of the totally geodesic submanifolds of type {Q) , (G2C®) and 
(G2lH^) of EIII (see Remark [33]), it follows that the data given in the cited papers on the 
metric properties of totally geodesic submanifolds can be carried over without any change to the 
present situation for the totally geodesic submanifolds and G2(C^) of EIII. However, for 
G2(IH'^)/22 it is necessary to scale the data given in |K2] . as this manifold is considered with 
srr = \/2 in |K2j . whereas it has srr = 1 here. 

For the proof of the data in the table, and to obtain the desired information on the position of 
the totally geodesic submanifolds of EIII , it is sufficient to consider the maximal totally geodesic 
submanifolds. In the case of EIII every maximal totally geodesic submanifold is reflective 
(see |Le3j ). and therefore a connected component of the fixed point set of an involutive isometry 
of EIII . We will describe these submanifolds in this way in the first instance. 

To prove that the fixed point sets of the involutive isometries of EIII we investigate below are 
indeed of the isometry type claimed above, we will then construct totally geodesic, equivariant 
embeddings of the appropriate manifolds onto these fixed point sets for many of the types of 

The polars and meridians are also reflective, without this fact being noted explicitly in the table. 
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maximal totally geodesic submanifolds of EIII . We will also describe the subgroups of the 
transvection group Eq of EIII which correspond to the transvection groups of these totally 
geodesic submanifolds. 

For these investigations, we need a model of EIII in which we can carry out calculations 
explicitly. For this purpose, we use the explicit presentations of EIII and of the exceptional Lie 
group Eq given by Yokota in [Y] and by Atsuyama in |At2| . 

To describe these presentations, we denote by IR , C = IR©IRi , IH = C©Cj and © = IH©IHe 
the four normed real division algebras: the field of real numbers, the field of complex numbers, the 
skew-field of quaternions, and the division algebra of octonions. For IK G {C, H, ®} and x G IK , 
we have the conjugate x of x . We will also consider the complexification IK*^ := IK IR*^ of 
IK with respect to another "copy" IR*^ = IR © IR/ of the field of complex numbers; we linearly 
extend the conjugation map x x of IK to IK*'^ . Notice that the algebras C*^ , H*^ and 
have zero divisors. 

Let M(n x m,IK) be the linear space of (n x m)-matrices over IK, abbreviate M(n, IK) := 
M{n X n,K), and let 3(n,IK) ■= {X e M{n,'K)\ X* = X} he the subspace of Hermitian 
matrices; via the multiplication map 5(n, K)xa(n,IK) ^a(n,IK), {X,Y)^XoY := 1{XY + 
YX) , ^(n,IK) becomes a real Jordan algebra for IK G {IR, C,IH} or IK = ® , n = 3 ; it 
becomes a complex Jordan algebra for IK G {IR*^, C"^, H*^} or IK = ©"^ , n = 3 . 5(3,®) 
resp. 5 := 5(3,®*^) is the real resp. complex exceptional Jordan algebra. 

We now consider the complex projective space over J , which we denote by [5] ^ CP^^ . For 
X G 5 \ {0} , we denote by [X] := (IR'^)X the projective line through X ; for a subset M C -3 , 
we put [M] := {[X]\X e M \ {0} } . Following Atsuyama ( |At2j ) . we consider the submanifold 
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X2) 






6,6,6 GiR"^ 


Xl,X2, 


X3 G®^ 


EIII := < 


X = 






Xl 
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66 


= kiP, 66 = 




66 = 






\X2 








X2 X3 


= 6 Xl, X3 Xl 


= 6^ 


Xl X2 = 



of C5- Then Atsuyama has shown ([At2j, Lemma 3.1) that [EIII] C [5] is a model of the 
exceptional symmetric space EIII . In the sequel, we denote by EIII this model. 

We will also use the fact that the exceptional Lie group Eq , which is the transvection group 
of EIII , can be realized as a subgroup of the group Aut(5) of complex-linear automorphisms of 
(3,°) ■ More specifically, consider the inner product (•,•) and the operation AAB defined on 
5 in |At2| ■ §1. Then Atsuyama showed in [At 2] . Lemma 1.5(2) that 



EQ = {fG Aut(5) I VX, y G a : /(X A y) = (fX) A (fY), {fX, fY) = {X, Y) } 

is a model of the exceptional Lie group Eq . This model acts transitively on the model of EIII 
described above. 

We now define several involutive isometrics on EIII (see also [YJ Section 3, where the involutive 
automorphisms on the exceptional Lie group Eq are classified): 

• The conjugation map Aq : ©"" ©*^ induced by the real form ® of ®*'' (i.e. the orthogonal 
involution Aq : ©*^ ®*^ characterized by Fix(Ao) = © ) induces via the map 



EIII ^ EIIL 



Ci 

X2 ^3 



(Ao{Ci) Ao(x3) Ao{a;2) 
^0(2:3) Ao(g2) Ao{a;i) 
^0(2^2) Ao(xi) Ao{6) , 



an isometric involution A : EIII EIII . 
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The orthogonal involution 70 : characterized by Fix(7o 

map 

EIII ^ ElFl 



IH*^ induces via the 



S.1 X3 X2 
X2 W 53 



Si 



70(2.'3) 70(3:2) 
70(3:3) ^2 7o(a:i) 

6 , 



another isometric involution 7 : EIII 
The linear map 

Elfl ^ Elfl, 



EIII. 



Si X3 X2 
Xi ^2 a;i 
X2 ST S3 



, 70(3:2) 7o(a:i) 



Si -2:3 -X2 
-X3 ^2 I'l 

-X2 xT S3 



EIII . fj is the geodesic symmetry of 
G EIII . 

With help of these involutions we can describe the reflective submanifolds of EIII explicitly. 



induces yet another isometric involution a : EIII — 
the symmetric space EIII at the point Pq := 



The type (IP, = ©P^) . The fixed point set of A equals [EIIIna(3, ©)] = ©P^ , a totally 
geodesic submanifold of EIII of type (IP,(/9 = ^,©P'^) . Notice that this is a real form of the 
Hermitian symmetric space EIII . 



The types (GaC^) and (IP x IPS (C, 5), C) . 

7 : EIII EIII has two connected components: 



The fixed point set of the involutive isometry 



F7 := [EIII n 3(3, H^)] , 



and F2 



a3 e — a2 e 
—03 e ai e 
a2 e — ai e 



Ofc G m"^, ai a2 = 02 da = as ai = 



It turns out that the totally geodesic submanifolds and -F^ of EIII are of type (G2C^) 
and (P X P^,(C,5),C), respectively. To show that they are isomorphic to G2(C^) resp. to 
(DP^ X CP^ , we will now explicitly construct isometrics /i : G2(f ®) and /2 : CP^ x CP^ 

F2 which are compatible with the group actions on the symmetric spaces involved. 

For this purpose, we note that Eq contains a subgroup which is isomorphic to (Sp(l) x 
SU(6))/22 , and which is the fixed point group of the Lie group automorphism Eq ^ Eq, g ^ 
1 ' 9 ' • This subgroup has been described explicitly by Yokota (^, Section 3.5) in the 
following way: 

To associate to a given (6, B) G Sp(l) x SU(6) a member of E^ C Aut(5) , we need to 
describe an action of (6, B) on 5 • For this purpose we note that Z is (IR*^)-linear isomorphic 
to 5(3, H*^) © (H<^)3 by the map 



: a(3, H^) © {M'^f ^ 2, {X, x)^X- 



X3 e X2 e 
—x-j e xi e 
X2 e —xi e 



Furthermore, M{3,M'^) D 3(3, H"^) is (IR*'^)-linear isomorphic to M{6,<D^)j ■= {X e 
M{6,(C'^)\JX = XJ}, and (H*^)^ is (IR*^)-linear isomorphic to M(2 x 6,C'^)j ■= {X £ 
M{2 X 6, C^) \J'X = XJ}, where we put J' := ( ? ^ ) ^ ^) and J := diag(J', J', J') G 
M(6, IR) . These isomorphisms are exhibited by the maps 

(P2 : M(3, H^) ^ M(6, C^) j resp. : (H^)^ ^ M(2 x 6, C^) j 

which transform any given matrix X G M(3,IH*^) resp. any given row vector x G (H*^)^ into a 
matrix (p2{X) G M(6, C*^) resp. <^2(x) G M(2 x 6,©*^) by mapping every entry a + bj G H*^ 
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(a,6 G C"^) of X into a (2 x 2)-block component "^^j of (p2{X) resp. (x) . We put 

5(6, C*^) J := ip2{2{3, H*^)) C M(6, C"^) j . In this way we obtain an isomorphism between 5 and 
V:=3(6,(D^)j©M(2 x 6,C^)j: 

if := (v32 © ¥^2) o (^-1 : a ^ V , 

which we will use to describe the action of Sp(l) x SU(6) on 5 • 

To do so, we consider for K e {C,C^} besides SU(6,1K) = {A e M{6,'K)\A*A = 
id, det(A) = 1 } also SU*(6, K) := { A G M(6, IK) | = ]4J, det(^) = 1 } . Then we have the 
isomorphism of Lie groups 

$ : SU(6,C^) ^ SU*(6,C^), A^ eA-eJAJ , 

where we put e := ^ (1 + il) G C*^ . 

We now consider the action Fq : (Sp(l) x SU*(6, C^)) x V ^ V given by 

Fo(6, B){X + x)= BXB* + {tp'^ b ((/Ja)"^)^^"^ 

for all {b,B) E Sp(l) x SU*(6, (D^) and X + xGV. Fq induces an action F: (Sp(l) x SU(6)) x 
5 — > 5 which is characterized by the fact that the following diagram commutes: 

(Sp(l) X SU*(6,C^)) X V-^V 



(idsp(l)X*) X V 

(Sp(i) X su(6)) X 5 — 



It has been shown by Yokota ([Yj, Theorem 3.5.11 and its proof) that F{b,B) £ Eq holds 
for all (b, B) G Sp(l) x SU(6) . In this way we obtain a homomorphism of Lie groups F : 
Sp(l) X SU(6) ^ Eq with ker(F) = {±(id,id)} . 

We now denote for U S G2(C^) by Pu G Af(6, (D) the orthogonal projection onto U . Then 
we have Qu := £ Pu — £ J Pu J G 5(6, C*^)j , and therefore the map 

/l : G2{€') - m, U ^ [^-\Qu + 0m(2x6,C«))] 

is well-defined. It turns out that /i is an isometric embedding and equivariant in the sense that 
for every B G SU(6), U G G2(C^) we have 

F{id,B)fi{U) = h{BU) . 

As a consequence of this property and the fact that /i(Cei © Ce2) = po & Elll holds, /i maps 
into EIII, and hence it maps into EIII n [5(3, H*^)] = F^ . Because both F^ and G2(C^) are 
compact and connected, and are of the same (real) dimension 16 , it follows that the isometric 
embedding fi in fact maps G2(C^) onto the totally geodesic submanifold F^ of EIII. 

To similarly construct a map /2 : CP^ x CP^ F2 , we identify with HI . In this way, 
we can regard CP^ as the space {£C | ^ G S(IH) } . We also identify (D^ with . Using these 
identifications, we can interpret for any £ G = IH and u G = the expression lev as a 
member of (IH*'")^ ; via this expression we define the map 

/2 : CPI X CpS ^ [5], {i(C, [v]) ^ [(^-'(03(6,cc), + iev*)] , 
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which turns out to be a weh-defined isometric embedding, which is equivariant in the following 
sense: For ah {b,B) G Sp(l) x SU(6) , [v]) G CP^ x CP^ , we have 



Fib,B)f2ii€,[v])=f2{M(D,[Bv]) . 



"0 

£6 

-£e 
t€\3 



E f:]' c eiii , 



/2 maps 



Because of this property, and the fact that /2(1C, [ei]) 

into EIII, and hence it maps into EIII n b(03(6,c<E)j © (^H*^)^)] 
(DP^ X CP^ are compact and connected, and they are of the same (real) dimension 12 , it follows 
that the isometric embedding /2 in fact maps CP^ x CP^ onto the totally geodesic submanifold 



Because both F2 and 



F^ of EIII. 



The type (G2IH'*) . Notice that the involutive isometries A and 7 commute with each other, 
and therefore A o 7 is another involutive isometry of EIII . The fixed point set of the latter 
involution equals 



.__ 



p :-- 



ri Pi+qsel P2-q2eI 
PS-qael r2 pi+qiel 
P2+g2 e / pT-(ji e/ rs 



rk € IR, pk,qk G H 
p G EIII 



It turns out that the totally geodesic submanifold F^'^ of EIII corresponds to the type 
(G2H^) . We win show that F^^ is isometric to G2(H^)/22 • 

Eq contains a subgroup isomorphic to Sp(4)/22 , which is the fixed point group of the Lie 
group automorphism Eq Eq, g ^ (A7)ff(A7)~^ . Also this subgroup has been described 
explicitly by Yokota ([Y], Section 3.4). We will use his construction, which we now describe, to 
obtain an action of Sp(4) on 3 • 

We continue to use the space V and the linear isomorphism (/? : ^| — > V from the previous 
construction, put 5(4,]II*^)o := {X ^ 3(4, H'^) | tr(X) = 0} , and consider the isomorphism of 
linear spaces ^/^ : 5 — > 3(4, IH''^)o given in the following way: For A , say '^{A) = X + x G V , 
we put 

'^tr(X) Ix 
Ix* 



i^{A) 



where the right-hand expression is to be read as a block matrix with respect to the decomposition 
(H^)4 = H« © (H«)3 . 
Notice that Sp(4) acts on 3(4,IH*^)o in the canonical way, i.e. by the action 

Fo : Sp(4) X 3(4, ]H^)o ^ 3(4, H^)o, (B, X) ^ BXB* . 



Via the linear isomorphism ■0 , Fq induces an action F : Sp(4) x 3 
fact that the diagram 

Fo 



3 , characterized by the 



Sp(4) x3(4,H«^)o' 

idsp(4)XV' 

Sp(4) X 3 



■a(4,H% 



commutes. It has been shown by Yokota ([Y], the proof of Theorem 3.4.2) that for any B £ 
Sp(4) , F{B) £ Eq holds, and F{B) commutes with A7 G Eq . In this way, we obtain a 
homomorphism of Lie groups F : Sp(4) Eq with ker(F) = {±id} . 
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We now consider the map 

/ : G2(h4) ^ [3], U^[i^~\Zu)] , 

where for any U G G2(]H^) we denote by Zjj G 5(4,IH*^)o the hnear map characterized by 
Zij\U = ^ idfj , Zu\U-'- = — ^ id(/-L . It is easy to see that / is a weh-defined isometric two-fold 
covering map onto its image with fibers {U,U'^} for U G G2(IH'^) , and that / is equivariant, 
i.e. that for any U G G2(]H^) and B G Sp(4) we have 

F{B)f{U) = f{BU). 

Because of the latter property and the fact that /(Hei ©IHe2) = po S EIII holds, / maps into 
EIII . Moreover, we have po G F^'^ and for every B G Sp(4) , F{B) G Eq commutes with A7 , 
and therefore / maps into the totally geodesic submanifold F^"* of EIII . Because both F^'^ 
and G2(IH^) are compact and connected, and they are of the same dimension 16 , it follows that 
the isometric immersion / in fact maps G2(H^) onto F^T. Because / is a two-fold covering 
map with fibers {[/, C/"*"} , we conclude that F^'^ is isometric to G2(IH^)/22 . 



The types (Q) and (Dili) . The connected components 7^ {po} of the fixed point set of the 
geodesic symmetry at po are the polars of the symmetric space. (Also see |CNj . §2, especially 
Theorem 2.8, where the polars are denoted by M_(_ .) In the case of EIII, the polars have also 
been investigated by Atsuyama in |At2] . §3. 

It is easily seen that the fixed point set of a consists of two connected components besides 
{po} , namely 



000 

6 a:i 
0x1^3 
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and Fo" 
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X2 




{ 












X2 









X2 X3 = 0, X2 X2 = 0, X3 X3 



It turns out that the totally geodesic submanifolds F[ and F2 are of type (Q) and (Dili) , 
respectively. 

The complex-8-dimensional submanifold F[ of the complex projective space [5] is defined by 
a single non-degenerate quadratic equation, which is adapted to the Fubini-Study metric of [3] • 
Hence F[ is isometric to the complex quadric . 

Furthermore, it has been shown by Atsuyama that the reflective submanifold F2 is isomet- 
ric to SO(10)/U(5) , see |At2| . the remark after Lemma 3.2 and [Atlj . the Remark (2) after 
Proposition 5.4. 



3.4 Totally geodesic submanifolds in Sp(2) 

Our next objective is the classification of the Lie triple systems in the Lie group Sp(2) , regarded 
as a Riemannian symmetric space. We will use this result also in our classification of Lie triple 
systems of SO(10)/U(5) in Section [331 below. 

We will base our classification on the fact that Sp(2) is a maximal totally geodesic submanifold 
of G2(IH^) (of type (SP2) according to the classification in [K2j, Theorem 5.3). Because the Lie 
triple systems of G2(IH^) have been classified in |K2j . we can therefore obtain a classification of 
the Lie triple systems by determining which of the Lie triple systems of G2(IH^) are contained 
in a Lie triple system of type (Sp2) . 
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To do so, we will work in the setting of |K2] in the present section. We consider the space 
G2(1H'*) = Sp(4)/(Sp(2) X Sp(2)) . We let 3 = t ©m be the canonical decomposition associated 
with this space, i.e. we have g = sp(4) , t = sp(2) ©sp(2) C g, and m is isomorphic to the 
tangent space of G2(]H^) . We will use the notations of Section 5 of |K2j in the sequel, especially 
we use the types of Lie triple systems defined in Theorem 5.3 of [K2| for G2(]H^) , i.e. for n = 2 . 
We let mi C m be a Lie triple system of m of type (SP2) • 

Theorem 3.8 Exactly the following types of Lie triple systems of m , as defined in Theorem 5.3 
of fK0/ . have representatives which are contained in mi : 

• (Geo, ^p = t) with t £ [0, f ] 

• (S, (/3 = arctan(^), ^) with £g{2,3} 

. (P,(^= f,r) with r G { (]R,1) , (C, 1) , (S^) , (H, 1) } 

• (IP xP,ri,T2) with Ti,T2 G { (]R,1) , (C,l) , (§3) } 

• (§1 X S^£) with 2<e<3 

• {Q3) 

The maximal Lie triple systems of mi are those which are of the types: {S,(p = arctan(^),3) , 
(P,(^= f,(H,l)), (P XP,(S3),(S3)) (g3)_ 

Remark 3.9 The maximal totally geodesic submanifolds of Sp(2) of types (S, (p = arctan(|), 3) 
and (Qs) are missing from |CNj . Table VIII. Their isometry type is that of a 3-sphere of radius 
I VTO resp. of a complex quadric . The totally geodesic submanifolds of the former type are 
once again in a "skew" position in the sense that their geodesic diameter is strictly larger than 
the geodesic diameter vr of Sp(2) . 

Proof. It is easily seen that the prototypes for the types Usted, as they are given in [K2] . Theorem 5.3, are 
contained in Lie triple systems of type (Spj) • Therefore, we only need to show that no other types of Lie triple 
systems of G2(IH*) have representatives which are contained in mi . 

For this purpose, we let m' be a Lie triple system of m which is contained in mi . We are to show that m' is 
of one of the types listed in Theorem 13.81 

If m' is of rank 2 , then for m' to be contained in mi , it is necessary that all the roots of m' have at most 
the multiplicity of the corresponding root in mi . Because the Dynkin diagram of mi is «2 =^ ,2 ^ ggg ]-,y ijjjg 
argument that m' cannot be of one of the types (G2, r) , (P x P, n, r2) where either of the HP-types^ ri and 
T2 have dimension > 2 or width 4 , or (S^ x ,£) where £ > 4 . This already shows that among the types of Lie 
triple systems of rank 2 of G2(1H'') , only those which are listed in Theorem 13.81 remain. 

If m' is of rank 1, we note that if m' is of type (P, 93 = 0, ((D, 1)) or of type (!P,ip = arctan(^),T) with 
r 7^ (IR, 1) , it cannot be contained in mi because the roots 2Afe are not present in mi . Because the types (P, ip = 
0, (P, 1)) and (P, ip = arctan(^), (P, 1)) are identical to (Geo, ifi = t) with t = resp. with t = arctan(|) , this 
argument again leaves only the types of rank 1 which have been listed in the theorem. 

For the statements on the maximality: (P x P, (S'^), (S'^)) and (Q3) are Lie triple systems of rank 2, and 
therefore can be contained only in other Lie triple systems of this rank. Because they have the same dimension 6 
and are clearly not isomorphic, neither of them can be contained in the other, and also for reason of dimension, 
neither can be contained in x S"\£) with £ < 3. Therefore these two types are maximal in mi. From 
a consideration of the root systems it can also be seen that {S,(p — arctan(i),3) and (iP,ip = j,(]H, 1)) are 
maximal. On the other hand, (Geo, = t) , (P, 99 = f,(K, 1)) with IK G {P, (D} , (P x P,ri,r2) with 
n, T2 G { (P, 1) , (C, 1) , (§^) } and (§^ x §^ £) with £ <3 are all contained in (P x P, (S^), (S^)) , whereas 
(§, (f — arctan(^), 2) is contained in (§, ip = arctan(-|), 3) . Therefore these types cannot be maximal. □ 

We can obtain the global isometry types of the totally geodesic submanifolds corresponding 
to the Lie triple systems of Sp(2) as listed in Theorem 13.81 from the totally geodesic embeddings 

^See |K2], Definition 5.1 
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into G2(IH") described in |K2| . Section 6. When applying the information from that paper, 
one needs to take into account, however, that in the Sp(2) as totally geodesic submanifold of 
G2(]H'^) (with the Riemannian metric considered in that paper) the shortest restricted root has 
length \/2 , whereas here we want to view Sp(2) with the metric so that the shortest restricted 
root has length 1 . Therefore the curvatures of the projective spaces have to be multiplied with 
^ , and the radii of the spheres have to be multiplied with \/2 , to translate from the situation 
in |K2j to the present situation. In this way, we obtain the following information on the totally 
geodesic submanifolds of Sp(2)srr=i , where we again use the notations introduced in Section [3^ 



type of Lie triple system 


isometry type 


properties 


(Geo, f = t) 
(S, if = arctan(i), 
(lP,(^ = f,(lK,l)) 

(P,(^=f,(S3)) 

(IP xP,(lKi,l),(lK2,l)) 
(lPxP,(lK,l),(§3)) 

(FXP,(S3),(S3)) 

(§1 X 

(Qs) 


IR or §1 

>c=l/4 

KiPi 1 ,„ X IKaPi 1 /o 

>i=l/2 ^ j<=i/2 

KPi -, X §3 

{SU X Sf=i)/22 
Qsrr=l 


i = 3: maximal 
IK = IH : polar, maximal 

IK = IR: meridian to (Qs) 
meridian to (P, = -j, (H, 1)) , maximal 

polar, maximal 



3.5 Totally geodesic submanifolds in SO(10)/U(5) 

We now want to classify the Lie triple systems of SO(10)/U(5) . Note that this symmetric space 
occurs as a maximal totally geodesic submanifold of EIII. We will use the classification of 
Lie triple systems of EIII from Section [3.21 to obtain the classification for SO(10)/U(5) in an 
analogous way as we used the classification in G2(1H^) to obtain the classification for Sp(2) in 
the previous section. 

Thus we now return to the situation studied in Section 13. 2[ We consider the Riemannian 
symmetric space EIII , and let g = 6 © m be the canonical decomposition of g = eg associated 
with this space, i.e. we have t = P© o{10) and m is isomorphic to the tangent space of EIII. 
We will use the names for the types of Lie triple systems of m as introduced in Theorem 13.31 
and Remark 13.51 

Further, we let mi be a Lie triple system of m of type (Dili) , i.e. the totally geodesic 
submanifold of EIII corresponding to mi is isometric to SO(10)/U(5) . 

Theorem 3.10 Exactly the following types of Lie triple systems of EIII have representatives 
which are contained in mi .• 

• (Geo, ^p = t) with t £ [0, f ] 

• (P,(^ = 0, (K,4)) with 1K€ {iR,€} 

• (P, = f , (S'^)) with k £ {5, 6} 

• (P X P\(Ki,3),lK2) with Ki,IK2 G {P,(D} 

• (Q,(G1,6)) 
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• The types {Q,t) , where r is one of the types of Lie triple systems in the complex quadric 
as defined in [Kl^ . Theorem 4-1, for m = Q , i.e. r is one of the following: (Gl,fc) with 
k<5, {G2,ki,k2) withki + k2<Q, (G3) , (P1,A;) withk<6, (P2) , (A), (II, fc) with 
k < 3 , and (12, A;) with k < 3 . 

• (G'2C6,(G2,(C,3))) 

• The types (G2(D®,r), where r is one of the following: {TP,(p = arctan(^), (K, /c)) with 
(K,k) G {(]R,1),(€,1),(]R,2)}, (G2,(K,/c)) with K G {IR, C} and k < 3, and (P x 
P, (]Ki,/ci),(K2,A;2)) with Ki, K2 G {M, C} and ki + k2 < 3 . 

. {G2MMSP2)) 

• The types (G2]H^,r), where r is one of the following: (§,(/? = arctan(|), 3) , {TP,(p = 
f,(IK, 1)) with K G {]R,C,H}, and (S^ x S^3) . 

The maximal Lie triple systems of mi are those of the types: (IP, 9? = 0, ((D,4)), (IP x 
pi,(C,3),C), (Q,(G1,6)), (G2C6,(C,3)) and (G2H^ (SP2)) . 

Remark 3.11 Chen and Nagano correctly list the local isometry type of all the maximal totally 
geodesic submanifolds of SO(10)/U(5) in their Table VIII of |CNj . However the isometry types 
of the types {Q,{G1,6)) resp. (G2lH^, (SP2))) are resp. S0(5) (where Chen/Nagano claim 
G2(IR^) = l'S.2 and Sp(2) = Spin(5) respectively). Moreover, it should be mentioned that 
also SO(10)/U(5) contains "skew" totally geodesic submanifolds, namely the totally geodesic 
submanifolds of the types (Q, (^4)) and (G2lH^, (§, ip = arctan(|), 3)) , which are isometric to a 
2-sphere resp. a 3-sphere of radius \/5, so that their geodesic diameter \/5tt is strictly larger 
than the geodesic diameter n of SO(10)/U(5) . They are not maximal in SO(10)/U(5) ; their 
presence can not be inferred from Table VIII of |CN| because of the missing entries for the spaces 
G+(IR^) and Sp(2) . 

Proof of Theorem \3.10l For the maximal ones among the types hsted, corresponding totally geodesic embeddings 
into SO(10)/U(5) are described below, so we know that these types, and therefore also all the other types listed, 
have representatives contained in mi . Therefore, we only need to show that no other types of Lie triple systems 
of EIII have representatives which are contained in mi . 

For this purpose, we let m' be a Lie triple system of m which is contained in mi . We are to show that m' is 
of one of the types listed in Theorem 13.101 

If m' is of rank 2 , all the roots of m' have at most the multiplicity of the corresponding root in mi . Because 
the Dynkin diagram of mi is <^^^4,li-] ^ we see by this argument that m' cannot be one of the types (P x 

P\ (Ki,£),]K2) with £>4, (Q) , (G2(D^) and (G2IH'') . Moreover, we note that the intersection of mi with a 
Lie triple system of type (Q) is of type (Q, (Gl, 6)) (corresponding to C C EIII ), with a Lie triple system 
of type {G2<C^) is of type (G2(D^ (G2, (C, 3))) (corresponding to G2(C^) C G2(C^) C EIII), and with a Lie triple 
system of type G2(K^) is of type (G2e^ (Spj)) (corresponding to SO(5) C G2(K*)/Z2 C EIII). Therefrom 
everything about the rank 2 Lie triple systems follows. 

For the spaces of rank 1 a similar consideration of the multiplicities of the roots shows that m' is of one of the 
types listed in the theorem. □ 

Because SO(10)/U(5) is a totally geodesic submanifold of EIII, the isometry types of the 
totally geodesic submanifolds in SO(10)/U(5) corresponding to the various types of Lie triple 
systems are the same as the isometry types of the totally geodesic submanifolds in EIII of those 
types, which were described in Section 13.31 In particular, the isometry types of the maximal 
totally geodesic submanifolds of SO(10)/U(5) , and some of their properties, are as follows: 
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type 


isometry type 


properties 


{W,ip = 0, (C,4)) 
(P X pi,((D,3),(D) 

(Q,(G1,6)) 
(G2C^(G2,(C,3))) 
(G2H^(Sp2)) 


G2(C^)srr=l 
S0(5)srr=l 


polar 

meridian for (G2C6, (G2, (C, 3))) 
meridian for (IP, if = 0, (C, 4)) 
polar 
reflective 



To elucidate the position of the maximal totally geodesic submanifolds, we describe totally 
geodesic embeddings for these types: 



The types (IP, = 0, (C,4)) and (G2C*', (G2, (C,3))) . The totally geodesic submani- 
folds of these types are the polars in SO(10)/U(5) , and can therefore be obtained as U(5)- 
orbits through points of SO(10)/U(5) which are antipodal to the origin point po := U(5) G 
SO(10)/U(5) in this space. 

For an explicit construction, we consider both U(5) and SO(IO) acting on (D^ ; in the latter 
case the action is only IR-linear on = IR^'^ . We fix a real form V of (D^ (i.e. a 5-dimensional 
real linear subspace V C (D^ so that i ■ V is orthogonal to V with respect to the real inner 
product on ). Then we can describe U(5) as a subgroup of SO(IO) by 

U(5) = {gGSO(10) \ g={^-f), A,B€M{5x5,M)} , 

where the matrix expression is to be read as a block matrix with respect to the splitting = 
VQi-V . In the same way, we can describe the involutive automorphism describing the symmetric 
structure of SO(10)/U(5) : 

a : SO(IO) - SO(IO), (^g) ^ (J^^"/) . 

Via the linearization of <t , we obtain the space m in the splitting o(10) = u(5) © m induced by 
the symmetric structure of SO(10)/U(5) : 

m={{^_^^)\A,Beo{5)} . 

We now fix a 2A;-dimensional real linear subspace W C V (with k £ {1,2} ) and a "partial 
complex structure with respect to W", i.e. a skew-adjoint transformation J : V ^ V with 
= -J and J{V) = W. Then we have X := (o_°j) G m, and therefore 7 : IR ^ 
SO(10)/U(5), t ^ exp{tX) -po is a geodesic of SO(10)/U(5) . For t G IR and w; G we have 

exp{tX)w = cos(t) w + sin(t) Jw and exp(tX)m = cos(t) iw — sin(t) iJw 

as well as eyip{tX)w' = w' for any w' G {W ®iW)-^ . We have 7(t) = po if and only if exp(tX) G 
U(5) ; from the above description it follows that this is the case if and only if sin(t) = holds, 
i.e. if we have t G tt 2 . Hence the geodesic 7 is periodic with period vr , and therefore pi := 7(f) 
is an antipodal point of pq in SO(10)/U(5) . By general results (see |CN] . Lemma 2.1), it is 
known that the polar M := U(5) ■ pi is a totally geodesic submanifold of SO(10)/U(5) . 

To determine the isometry type of the totally geodesic submanifold M , we calculate the 
isotropy group of the action of U(5) at pi : We have pi = S-\J{5) with S := exp(^ X) G SO(IO) ; 
from the explicit description of X we obtain the explicit description 

S\W = J\W, S\iW = -J\iW, S\{W ® iW)^ = id^w^iw)± (28) 
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of 5 . Therefore we have for g € U(5) : 

c,.pi=pi ^ 5-5-U(5) = 5-U(5) ^ S-^gSe\]{b) ^ g{W ® iW) = W ® iW , 

where the last equivalence follows from Equations psp . Therefore the isotropy group of the action 
of U(5) at pi is isomorphic to \]{W ®iW) x\]{{W ®iW)^) ^ U(2A;) x U(5-2fc) . It follows that 
the totally geodesic submanifold M of SO(10)/U(5) is isometric to U(5)/(U(2fc) x U(5 - 2k)) . 

In the case A: = 1 , M is thus isometric to U(5)/(U(2) x U(3)) = G'2{(^^) ; this totally geodesic 
submanifold turns out to be of type (G2C^, (C, 3)) . 

In the case k = 2, M is isometric to U(5)/(U(4) x U(l)) = CP^ ; this totally geodesic 
submanifold is of type (IP, = 0, (C, 4)) . 

The types (IP x IP^, (C, 3), C) and {Q, (Gl, 6)) . These types are the meridians corres- 
ponding to the polars of type (G2C^, (C,3)) and (P,(/7 = 0, ((C,4)) , respectively. This means 
that they are totally geodesic submanifolds which intersect the corresponding polar orthogonally 
and transversally in one point. 

However, in the present situation there is an easier way to describe the totally geodesic sub- 
manifolds of these types. Note that there are canonical embeddings S0(4) x S0(6) C SO(IO) 
and S0(8) C SO(IO) which are compatible with the symmetric structure of SO(10)/U(5) . In 
this way, we get totally geodesic embeddings of (SO(4)/U(2)) x (SO(6)/U(3)) ^ CP^ x CP^ and 
of SO(8)/U(4) ^ Q6 j^^Q SO(10)/U(5) ; they are of type (P x IP^, (C, 3), C) and (Q,(G1,6)), 
respectively. 

The type (G2IH'*, (Sp^)) . Consider the map 

$:SO(5)^SO(10), . 

For B G S0(5) we have ^{B) £ U(5) <^=^> = id, and therefore <I> induces an embedding 
£ : S0(5) SO(10)/U(5) . Its linearization maps X e o(5) onto ^ and therefore 

$ is totally geodesic. It turns out to be of type (G2lH^, (SP2)) . 

4 The symmetric spaces E6/F4, SU(6)/Sp(3) , SU(3) and 
SU(3)/SO(3) 

4.1 The geometry of Eq/F^ 

In this section we will study the Riemannian symmetric space EIV := Eq/F^ , which has the 
Satake diagram 

1 3 4 5 6 
o — • — • — • — o 

• 

2 

EIV does not have an invariant Hermitian structure. 

We consider the Lie algebra Q '■= tQ of the transvection group Eq of EIV and the splitting 
= t © m induced by the symmetric structure of EIV . Herein 6 = f4 is the Lie algebra of 
the isotropy group of EIV , and m is isomorphic to the tangent space of EIV in the origin. 
The E'g-invariant Riemannian metric on EIV induces an Ad(i<4)-invariant Riemannian metric 
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on m . As was explained in Section [21 this metric is only unique up to a factor; we choose the 
factor in such a way that the restricted roots of EIV (see below) have the length 1 . 

The root space decomposition. Let t be a Cartan subalgebra of g which is maximally non- 
compact, i.e. it is such that the flat subspace o := i n m of m is of the maximal dimension 2 , 
and hence a Cartan subalgebra of m . Then we consider the root system C t* of g with 
respect to t , as well as the restricted root system A C a* of the symmetric space EIV with 
respect to a . EIV has the restricted Dynkin diagram »8 — »8 , in other words: its restricted 
root system A is of type A2 , i.e. we have A = {itAi, ibA2, iAs} , where (Ai, A2) is a system 
of simple roots of A , these two roots are at an angle of | vr and have the same length, and we 
have A3 = Ai + A2 • All roots in A have the multiplicity 8 , and A has the following graphical 
representation: 

A2 A3 
O 'Ai 

To be able to apply the results from |K3j and the corresponding computer package for the 
calculation of the curvature tensor of EIV , we again need to describe the relationship between the 
restricted roots of the symmetric space EIV and the (non-restricted) roots of the Lie algebra eg • 
For this purpose, we again denote the positive roots of eg by ai, . . . , a^Q in the way described 
in Section 13.11 To find out which restricted root of EIV corresponds to each root of eg , we 
tabulate the orbits of the action of a on the root system A^ , and the restricted root of EIV 
corresponding to each orbit (compare Section 4 of [K3j ): 



orbit 


{ai, -Q30} 


{ar, —027} 


{0:12, —0122} 


{an, — Qis} 


corresp. restr. root 


Ai 


Ai 


Ai 


Ai 




orbit 


{as, -Q31} 


{ail, —028} 


{qi6, — a24} 


{Q20, —021} 


corresp. restr. root 


A2 


A2 


A2 


A2 




orbit 


{q!23, — ase} 


{026,-035} 


{q!29, — Q34} 


{a32, -Q33} 


corresp. restr. root 


A3 


A3 


A3 


A3 



Moreover, we have cr(afc) = ak for k e {2, 3, 4, 5, 8, 9, 10, 13, 14, 15, 19, 25} . 
Using the notations of [K3j, Proposition 5.2(a) we now put for ci, . . . , C4 G C and t G IR , and 
where A denotes one of the letters K and M : 

Ai(ci,C2,C3,C4) := ^ai(ci) + Aa^{c2) +^0,12(03) +^^^^(04) , 
Ax2{ci,C2,C3,Ci) := Aaaici) +^aii(c2) + Aaif^ics) + Aa2o{c4) , 
A3(C1,C2,C3,C4) := ^023(^1) + -4a26(c2) + ^029(^3) + ^a32(c4) ■ 

Then we have = MaJC, C, C, C) for k £ {1, 2, 3} . 

The action of the isotropy group. We now look at the isotropy action of EIV . Regarding 
it, we again use the notations introduced at the end of Section [21 in particular we have the 
continuous function (/? : m \ {0} [0, ^] parametrizing the orbits of the isotropy action. For 
the elements of the closure c of the positive Weyl chamber c := {v £ o | Ai(?;) > 0, A2(v) > 0} 
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we again explicitly describe the relation to their isotropy angle: ( ^ , A2) is an orthonormal 
basis of a so that with vt := cos(t) ^ + sin(t)A2 we have 

c = {s-t;f|t e [0,f],sGlR>o} , (29) 

a" +a'' 

and because the Weyl chamber c is bordered by the two vectors vq = ^75-^ with ip{vQ) = 
[+a! 

V3 



n/3 

a' ^-a" 

and = ^y-'^ with </:?(w,r/3) = f ' '^^ have 



(/9(s • Wf) = t for all t G [0, f ] , s G 1R+ . (30) 

The isotropy action of X = -F4 on m corresponds to the irreducible 26-dimensional represen- 
tation of -F4 (see |Ad| . Lemma 14.4(i), p. 95). It can be described as an action of on the 
26-dimensional space 5(3, ®)o := { X e M(3 x 3, ®) | X* = X, ii{X) = } of trace-free, Hermi- 
tian (3x3)-matrices over the division algebra of octonions © , for the details see [Ad| . Chapter 16. 
Under the identification of m with 5(3, ®)o induced thereby, the Cartan subalgebra a corre- 
sponds to the space of trace-free diagonal matrices, and the three root spaces ttiaj. ( A; = 1, 2, 3 ) 
correspond to the subspaces Zk '■= = i^ij) G 3(3, ffl)o I xu = X22 = 2:33 = Xki = Xkm = 0} 
of 5(3, ®)o , where I and m are the two members of {1, 2, 3} \ {k] . 

The subgroup Kq of F4 with Lie algebra 6" := {X G t| [X, a] =0} consists of all those 
g £ F4 which leave the 5fc invariant, and is therefore isomorphic to Spin(8) (see [Adj . Theo- 
rem 16.7(iii)). Kq acts on the three spaces 5fc ^-s the three irreducible 8-dimensional represen- 
tations of Spin(8) : the vector representation, and the two spin representations; these represen- 
tations are "intertwined" by the triality automorphism of Spin(8) . 

Proposition 4.1 We regard JR^ as the real linear space underlying and for k G {1,2,3} 

we consider the linear isometry 

if -.M^ ^ mx^^, (C1,C2,C3,C4) 1-^ MaJci,C2,C3,C4) . 

Then there exists an isomorphism of Lie groups ^ : Spin(8) Kq so that the following diagram 
commutes: 

Spin(8) X IR^ Ko x mx^ 

Ad 

IR^ ^ ^ "^Ai , 

where the left vertical arrow represents the canonical action of Spin(8) on IR^ . 

// we fix vi G tTiAi \ {0} , then the Lie subgroup Spin' := { i? G Spin(8) | B{ip~^vi) = ip~^vi } 
of Spin(8) is isomorphic to Spin(7) , and the subgroup Kq := <I>(Spin') , which is isomorphic to 
Spin(7) , acts transitively on triAa ■ 

// we now also fix V2 G rriAa \ {0} , then the Lie subgroup Spin" := {B £ Spin' | B{ip~^V2) = 
ip^^V2} of Spin' is isomorphic to the exceptional Lie group G2 , and hence $(Spin") is also 
isomorphic to G2 ■ 

These statements are also true for an arbitrary permutation of the indices 1 , 2 , 3 of the root 
spaces rriAj, . 

Proof. Most statements follow from the preceding discussion of the isotropy action. For the transitivity 
statements, see [Adj . Lemma 14.13, p. 100. □ 
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4.2 Lie triple systems in E^IF^^. 

Theorem 4.2 The linear subspaces m' C m given in the following are Lie triple systems, and 
every Lie triple system {0} 7^ m' C m is congruent under the isotropy action to one of them. 

• (Geo, (f = t) with t £ [0, f ] . 

m' = IR(cos(t) + sin(t) X^) (compare Equation (p9]) ). 

. (§,¥> = f with i<9. 

m' is an (-dimensional linear subspace of IRAJ © xnx-^ . 

• = ^,{1K,i)) with Me {iR,€,M} and i £ {2,3} , or with (K, £) = (©, 2) . 
We define the following vectors: 

vo := Ma, (1, 0, 0, 0) + Mx, (1, 0, 0, 0) vi := Ma, (i, 0, 0, 0) + Ma^ {-i, 0, 0, 0) 

:= Ma, (0, 0, 0, +Ma2 (0,0,0, -i) vf := Ma, (0, 0, 0, 1) + Ma^ (0, 0, 0, 1) 
:=MA,(0,0,i,0) +MA,(0,0,-i,0) z;f := Ma, (0, 0, 1, 0) + Ma, (0, 0, 1, 0) 
v^^ :=Ma,(0,1,0,0) +Ma,(0,1,0,0) vf^ := Ma, (0, -i, 0, 0) + Ma,(0, i, 0, 0) 

:= Ma, (z, 0, 0, 0) +MA2(i, 0,0,0) 
v^^o :=Ma,(0,0,0,1)+Ma2(0,0,0,-1) 
t;^o - Ma, (0, 0, 1, 0) + Ma,(0, 0, -1,0) 
yCHO Mx, (0, -i, 0, 0) + Ma, (O, -i, 0, 0) 

H := Xl W4:= Mx^{0, 0,0,1) 

wi := Ma3(1,0,0,0) W5 := Mx,{-i,0,0,0) 

W2 :=Ma3 (0,1,0,0) := Mx,{0,i,0,0) 

W3 := Mx,iO,0,i,0) W7 :=Ma3(0,0,1,0) 

Then m' is spanned by the following vectors, in dependence of (K, i) : 
For (K, i) = (]R, 2) ; H, vq 
For (JK,i) = (]R,3) .■ H,vq,vi 
For (K,^) = (C,2); H,vo,v^,wi 
For (K,^) = (C,3); H ,vo,v^ ,vi,v^ ,wi 
For (K,^) = (H,2); H,vo,v^ ,v^^ ,wi,W2,W3 
For (K,^) = (H,3); H,vo,v^ ,v^^ ,vi,v^ ,v^^ ,wi,W2,W3 
For (K,^) = (©,2) ; H,vq,v^ ,v^^ ,v^ ,v^^ ,v^^ ,v^^o ,wi,W2,W3,wa,W5,wg,wj 

• (AI) . 

m' = © Ma, (M, O, 0, 0) © Ma, (M, O, 0, 0) © MA3 (0, 0, 0, iM) . 

• (A2) . 

m' = 0© Ma, (C, 0,0,0) ©Ma, (C, 0,0,0) ©Ma3 (0,0,0, (E) . 
. (All) . 

m' = a©MA,(C,C,0,0) ©Ma,(C,C,0,0) ©Ma3(0,0,C,C) . 

• (§ X SS^) with £ < 9. 

m' = a© m';^^ with an {£ — 1)- dimensional linear subspace m';^^ C itia, . 
We call the full name (Geo, ^ = t) etc. given in the above table the type of the Lie triple systems 
which are congruent under the adjoint action to the space given in that entry. Then every Lie 
triple system of m is of exactly one type. 

The Lie triple systems m' of the various types have the properties given in the following table. 
The column "isometry type" again gives the isometry type of the totally geodesic submanifolds 
corresponding to the Lie triple systems of the respective type in abbreviated form, for the details 
see Sectionl 
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type of m' 


dim(m') 


rk(m') 


m' maximal 


isometry type 


(Geo, ^ = t) 


1 


1 


no 


IR or §1 


(S,(^ = f,^) 




1 


no 




(P,(^ = f,(K,£)) 


dimiR K • i 


1 


for (K,^) E{(H,3),(®,2)} 




(AI) 


5 


2 


no 


(SU(3)/SO(3))/Z3 


(A2) 


8 


2 


no 


SU(3)/Z3 


(All) 


14 


2 


yes 


(SU(6)/Sp(3))/Z3 


(S X S\£) 


l+l 


2 


for i = 9 


(§^ X Si)/Z4 



Remark 4.3 For the symmetric space EIV , Chen and Nagano correctly hst the local isometry 
types of the maximal totally geodesic submanifolds. However, the global isometry types of the 
totally geodesic submanifolds of type (All) resp. (§xS\9) is (SU(6)/Sp(3))/Z3 resp. (§^ x 
§^)/Z4 (and not SU(6)/Sp(3) resp. x , as Chen and Nagano claim). 

Proof of Theorem \4-^ We first mention that it is easily checked using the Maple implemen- 
tation that the spaces defined in the theorem, and therefore also the linear subspaces m' C m 
which are congruent to one of them, are Lie triple systems. It is also easily seen that the infor- 
mation in the table concerning the dimension and the rank of the Lie triple systems is correct. 
The information on the isometry type of the corresponding totally geodesic submanifolds will be 
discussed in Section 

We next show that the information on the maximality of the Lie triple systems given in the 
table is correct. For this purpose, we presume that the list of Lie triple systems given in the 
theorem is in fact complete; this will be proved in the remainder of the present section. 

Proof that the Lie triple systems which are claimed to be maximal in the table indeed are: 
This is clear for the type (P, (p = ^, (®, 2)) , because it has the maximal dimension among all the 
Lie triple systems of EIV . It is also clear for the type (All) because it has rank 2 and maximal 
dimension among all the Lie triple systems of EIV of that rank. For the type (§ x S^,9) : For 
reason of dimension and rank, a Lie triple system m' of this type could only be contained in a 
Lie triple system of type (All) ; however m' has a root of multiplicity 8 , whereas all the roots 
of Lie triple systems of type (All) have multiplicity 4 , so such an inclusion is impossible. For 
the type (P, ip = ^, (H, 3)) : For reason of dimension, a Lie triple system m' of this type could 
again only be contained in a Lie triple system of type (All) ; however this is impossible because 
m' requires the multiplicity 8 for the "collapsing" roots Ai and A2 • 



That no Lie triple systems are maximal besides those mentioned above follows from the fol- 
lowing table: 



Every Lie triple system of type ... 


is contained in a Lie triple system of type ... 


(Geo, (p = t) 


(S X §1,1) 


(S,V^ = f,^) 


(s X 


(P, (/J = f , (K, 2)) with IK G {P, C, H} 


(P,(/. = f,(®,2)) 


(P, (/? = f , (K, 3)) with IK G {P, C} 


(P,^ = f,(H,3)) 


(AI) 


(A2) 


(A2) 


(All) 


(S X §1,^) with ^ < 8 


(§ X S\9) 



We now turn to the proof that the list of Lie triple svstems of EIV given in Theorem |C2] is 
indeed complete. For this purpose, we let an arbitrary Lie triple system m' of m , {0} / m' C m , 
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be given. Because the symmetric space EIV is of rank 2 , the rank of m' is either 1 or 2 . We 
will handle these two cases separately in the sequel. 

We first suppose that m' is a Lie triple system of rank 2 . Let us fix a Cartan subalgebra 
a of m' ; because of rk(m') = rk(m) , a is then also a Cartan subalgebra of m . In relation to 
this situation, we use the notations introduced in Sections [2] and HTTl In particular, we consider 
the positive root system A+ := {Ai,A2, A3} of the root system A := A(m, a) of m , and also 
the root system A' := A(m',o) of m' . By Proposition I2.1f b). A' is a root subsystem of A, 
and therefore A^ := A' n A+ is a positive system of roots for A' . Moreover, in the root space 
decompositions of m and m' 

m = a © iTiA and m' = © m';^ (31) 

AeA+ AeA^ 

the root space m';^ of m' with respect to A G A^ is related to the corresponding root space 
of m by m!-^ = rriA H m' . 

Because the subset A' of A is invariant under its own Weyl transformation group, we have (up 
to Weyl transformation) only the following possibilities for A^ , which we will treat individually 
in the sequel: 

A'+ = A+, A'+ = {Ai} and A'+ = . 

The case = A-^. . In this case, the restricted Dynkin diagram with multiplicities of m' 
is ,"ai — ,"a2 , and the classification of the Riemannian symmetric spaces (see, for example, 
[Lo] . p. 119, 146) shows that n' := n'^^ = n'^^ = n'^^ £ {1,2,4,8} holds. 

If n' = 1 holds, we may suppose without loss of generality by Proposition 14.11 that rriA;, 
is spanned by Vk ■= Ma^. (1, 0, 0, 0) for k G {1,2}. Then we have m' B R{X{,vi)v2 = 
^ Ma3(0, 0, 0, i) , and therefore m';^^ is spanned by ^3 := Ma3(0, 0, 0, i) . Thus m' = a © 
0Lim'^^ is of type (AI) . 

If n' = 2 holds, we may suppose without loss of generality m';;^^ = Ma^(C, 0,0,0) 
and V2 G m'^^ . We then obtain ^3 G m';!^^ as before, also from the equality m' 3 
R{X{, Mx,{i, 0,0,0))v2 = -^Ma3(0, 0,0,1) the fact Ma3(0,0,0, 1) G m';^^ and then from the 
equality m' 3 i?(A}, ?;i)Ma3(0, 0, 0, 1) = MA2(i, 0, 0, 0) the fact MA2(i, 0,0,0) G m';^^ . Thus 
we have besides m';^^ = Mai(C, 0,0,0) also m';^^ = Ma2(C, 0,0,0) and m';^^ = Mx^{0,0,0,(D) , 
and therefore m' = a © 0^=1 m';^^ is of type (A2) . 

If n' = 4 holds, we may suppose without loss of generality m'^^ = Maj(C,C,0,0) and V2 G 
m'^^ . Then as above we obtain Ma2(C, 0,0,0) C m';^^ and Mj^^(0, 0, 0, (D) C m';^^ . Moreover for 

cG C we have m' 3 R{X{, Mx,{0,c,0,0))v2 = ^ Mx^{0,0,ci,0) , hence m';^^ = Mx^{0,0,(C,(C) , 
and m' 3 i?(A|, i;i)Ma3(0, 0, c, 0) = ^ Ma2(0, ci, 0, 0) , hence m';^^ = Ma2(C,C,0,0) . This shows 
that m' = a © 0^=1 m';^^ is of type (All) . 

Finally, if n' = 8 holds, we have m';^^ = rriAj. for k G {1,2,3} and therefore m' = © 
0fc=im';^^ =m. 

The case A^ — {■^1} • this case we have m' — a©m^^ with a linear subspace m^^ C xnx^ , 
and therefore m' is of type (S x with i := 1 + n'^_^ < 9 . 

The case A^ — . In this case we have m' — , and therefore m' is of type (S X §1,1). 

We now turn our attention to the case where m' is a Lie triple system of rank 1 . Via 
the application of the isotropy action of EIV , we may suppose without loss of generality that 
m' contains a unit vector H from the closure c of the positive Weyl chamber c of m (with 
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respect to a and our choice of positive roots). Then we have by Equations (f29l) and (fSOl) with 
^0 ■■= fiH) G [0, f ] 

H = cos(99o) ^ + sin((^o) 4 ■ (32) 

Because of rk(m') = 1 , a' := IRH is a Cartan subalgebra of m' , and we have o' = o H m' . 
It follows from Proposition 12 . 1 ( a) that the root systems A' and A of m' resp. m with respect 
to a' resp. to o are related by 

A' c { X{H) ao I A G A, \{H) / } (33) 

with the linear form : a' — > IR, tH i-^ t ; moreover for m' we have the root space decomposi- 
tion 

m' = a'e m'^ (34) 

where for any root a G A' , the corresponding root space is given by 

/ \ 



\X(H)=a{H) j 



n m' . (35) 



If A' = holds, then we have m' = IR// , and therefore m' is then of type (Geo, ip = 999) . 
Otherwise it follows from Proposition 12.31 that one of the following two conditions holds: Either 
H is proportional to a root vector with A G A , or there exist two A,/iGA (A^^/u) 
so that H is orthogonal to A^ — . Evaluating all possible values for A and /i , we see that 
e {0,f,f} holds. 

In the sequel we consider the three possible values for (/9o individually. 

The case </jo = . In this case we have = ^ (A| + A3) = ^ (2A5 + A2) by Equation (fT3|) 
and therefore 

Ai(i/) = i^/3, A2(/f) = 0, A3(i?) = i\/3. 

Thus we have A' = {±a} with a := Ai|a' = A3I0' by Equation ([33]), m' = IRi7 ©m'„ by 
Equation (f3il) , and C ttiai © by Equation (fTSl) . 

Assume that m'^ / {0} holds. We have = ^y/SH = ^ Aj^ + ^ A3 and there- 
fore by Proposition 12.41 for any v G , say v = Ma^ (oi, . . . , 04) + Mx^{bi, . . . ,bi) with 
ai, . . . , 04, 61, . . . , 64 G C , we have ||a|| = ||6|| . Therefore we can suppose without loss of gener- 
ality via Proposition [iT] that vq := M^^ (1,0, 0,0) (1, 0, 0, 0) G holds. Then we have 
m' 3 R{H,vq)vq = jH + Maj (0, 0, 0, z) . However, this is a contradiction to the fact that 
because of X2{H) = , no element of m' can have a non-zero triAj-component. So we in fact 
have = {0} , hence m' = IRi? . This shows that (for dim(m') > 2 ) the case (/Jq = cannot 
in fact occur. 

The case (^0 = f • In this case we have = ^ • (aJ -|- A3) -|- ^ A2 = A3 by Equation ([TS]) 
and therefore 

Ai(F) = i, A2(i/) = i, UH) = l. 

Thus we have A' C {±a} with a := Ai|a' = A2|a' by Equation ([33]), m' = IR © m'„ © m'aQ, by 
Equation ([Ml) , and m'^ C itiai © triAa and m^^ C tTiAg by Equation ([18]) . 

If a A' holds, we thus have m' = IR aJ © rrigQ, C IR aJ © mx^, , and therefore ra' then is of 
type (§, V9 = f , £) with £ := 1 + n'^^ . 
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So we now suppose a £ A' . By the classification of the Riemannian symmetric spaces of rank 
1 we then have n^^ G {0, 1,3, 7} , and the totally geodesic submanifold corresponding to m' is 
isometric either to IRP*^ , to CP'^ , to HP'^ or to the Cayley projective plane ©P'^^^ , depending 
on whether equals , 1 , 3 or 7 , respectively; here we have k = n'^/(n2„ + 1) . 

It should also be noted that we have = ^ = ^ + | A2 , and therefore we have for any 
Cl , . . . , C4 , di , . . . , ^4 G C by Proposition 12.41 

MA,(ci,...,C4) + MA2(di,...,d4) Gm'^ =^ ||c|| = ||d||. (36) 

In the sequel, we consider the four possible values for n^^^ individually. In our calculations we 
will use the vectors vq,Vq , . . . as they are defined in the entry for the types (P, 99 = ^, (IK, tj) 
in Theorem 14.21 

Let us first suppose = 0, i.e. A' = {±a} . By Proposition 14.11 and because of (f36l) we 
may suppose without loss of generality that vq G holds. If = 1 holds, we then have 
m'o, = IRfo and therefore m' = IRi/ © m'^ is of type (P, (/9 = |, (IR, 2)) . Otherwise we choose 
V G m'„ to be orthogonal to vq , say v = (ci, . . . , C4) + (di, . . . , ^4) . Then we have 

m' 3 R{H, vo)v = i Re(ci) X\+l Re(di) A|+^ Mx, ( i(cl-d^) , i{-c^+d^) , -i(c^+^) , Kd^-ci) ) 

Because the a-component of this vector is proportional to H , we have Re(ci) = Re(di) ; this 
equation together with our requirement that v be orthogonal to vq shows Re(ci) = Re(di) = 
and hence ci, di G iJR. Moreover, because of 2a A' , the tTiAg -component of the above vector 
vanishes, and thus we have 

Cl = —di G ilR, C2 = — ^2, C3 = ds and c^ = , 

hence 

V = MAi(ii,C2,C3,C4) +MA2(-it, -C2,C3,C4) (37) 

with f G P . By application of another isotropy transformation, we can now arrange that v is 
proportional to vi . Thus we have vo,vi G m'^ , and therefore in the case = 2 , m' = P-ff ©m^ 
is of type (P,y? = ^, (P, 3)) . We now show that the case n'^ > 3 does not occur. For this 
purpose, we again let v G m'^ be given, but now suppose that v is orthogonal to both vq and 
vi . Then v again has the form of Equation ()37p . however the requirement that v be orthogonal 
to f 1 implies t = . Moreover, we have 

m' B R{H, v)vi = ^ Ma3 (cl i, i, -c^ i, 0) . 

Because of 2a A' , the rriAg-component of this vector vanishes, and thus we have C2 = C3 = 
C4 = , hence v = . This shows that > 3 is impossible. 

Next we suppose ngQ, = 1 . Then the Lie triple system m' corresponds to a complex projective 
space CP^ , which is a Hermitian symmetric space. Let m" C m' be the tangent space of a real 
form of this space, then m" will also be a Lie triple system of m , it will be of rank 1 and 
correspond to the isotropy angle = | , and it will have only the root a , not 2a . As a 
consequence of the preceding classification of the Lie triple systems with these properties, m" 
is of type (P,(/' = ^,0^,^)) with i G {2,3}. Without loss of generality, we may therefore 
suppose that m" is the prototype Lie triple system of the type (P,v' = f , (IR, ^)) as given in 
Theorem 14.21 Thus we have vq G and in the case £ = 3 also vi G m'^ . Further we may 
suppose without loss of generality = Pwi . Then we have 
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for k G {0, 1} , and therefore Vk € m'^ implies also f f € m'„ . This shows that m' = IRif © m'^, © 
m'2„ is of type (P, = f , (C, ^)) . 

Now we suppose n'2a = 3 . Then m' corresponds to a quaternionic projective space HP^ , 
and therefore an analogous argument as in the treatment of the = 1 shows that m' 

contains as a complex form a Lie triple system m" of type (iP,if = ^, (C,^)) with i £ {2,3} . 
Without loss of generality, we may suppose that m" is the prototype Lie triple system of that 
type as given in Theorem 14.21 and therefore wi G and Vk^v^ G ^'a holds, where A; = 
for i = 2 and A; = 0, 1 for i = 3 . Further we may suppose without loss of generality that also 
W2 G holds. We have for /c G {0, 1} 

R{w2,Vk)H = -^vj^ and R{w2,v^)H = v^"" . 

Therefore Vk,v^ G m'„ implies also ,v^^ G m'„ Moreover, we have 

R{vo,v^'')H = ^w^, 

and therefore ^3 G m'aQ, . Thus m' = IRH © © m'aQ, is of type (IP, = f , (H, i)) . 

Finally we suppose 712^ = 7 . Then = 8 is the only possibility by the classification of the 
Riemannian symmetric spaces of rank 1 , and m' corresponds to the Cayley projective plane 
©P^ . OP^ contains a HP^ as totally geodesic submanifold, and thus by an analogous argument 
as before, we see that ra' contains a Lie triple system m" of type (P, ip = ^, (H, 2)) ; without 
loss of generality we may suppose that m" is the prototype Lie triple system of that type. Thus 
we have vq, Vq ,Vq , Vq'^ G and wi,W2,ws G . Without loss of generality we may further 
suppose Wi G m2a ■ We have 

R{wi, vo)H =^v^ , R{W4, v^)H = ^ v'^^ ^ 
R{w4,v^)H = ^v^'^ and R{w^,v^'')H = ^ v^''^ , 

and therefore is spanned by vq^Vq ,Vq ,Vq^ ,Vq ,Vq'^ jVq'^ ,Vq^'^ . Moreover, we have 

R{vo,v^O)H = ^W5 , R{v^,v^o^H = ^w^ and R{vo,v'^'''^)H = ^ 

and therefore m'2a is spanned by wi, . . . . Therefore m' = P-ff © m'^ © m.'2a is of type 
(P,(/. = f,(®,2)). 

The case (^0 = -f • By an analogous argument as in the case 920 = ! one shows that this 
case cannot occur. 

This completes the classification of the Lie triple systems in the Riemannian symmetric space 

Eiv. n 



4.3 Totally geodesic submanifolds in E^fF^^ 

We are interested in determining the global isometry types of the totally geodesic submanifolds 
of EIV corresponding to the various types of Lie triple systems as they were classified in Theo- 
rem 14.21 In the case of EIV all the maximal totally geodesic submanifolds are reflective, so we 
can derive this information from the classification of refiective submanifolds due to Leung, see 
[Li3]. 

Using the information from that paper, we obtain the results of the following table. In it, we 
again use the notations introduced at the beginning of Section 13.31 
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type of Lie triple system 


isometry type 


properties® 


(Geo, ^ = t) 
{S,cp = ^,£) 
(P,(^ = f,(K,£)) 

(AI) 

(A2) 
(All) 

(s X s\e) 


IR or §1 

KPLi/4 

((SU(3)/SO(3))/Z3)srr=l 

(SU(3)/23)srr=l 
((SU(6)/Sp(3))/23)srr=l 
{8U X §^_^)/24 


i = 9: Helgason sphere 
(IK, i) = (©, 2) : polar, maximal 
(IK, i) = (H, 3) : reflective, maximal 

reflective, maximal 
1 = 9: meridian for (IP, ip = ^, (®, 2)) , maximal 



4.4 Totally geodesic submanifolds in SU(6)/Sp(3) 

Similarly as we derived the classiflcation of the Lie triple systems resp. the totally geodesic 
submanifolds in SO(10)/U(5) from that classification in EIII in Section [3.5^ we now derive the 
classification for SU(6)/Sp(3) from the classification in EIV , using the fact that SU(6)/Sp(3) 
is the local isometry type of a maximal totally geodesic submanifold of EIV . 

Thus we remain in the situation studied in Section [321 We consider the Riemannian symmetric 
space EIV , and let g = 6 © m be the canonical decomposition of g = ee associated with this 
space, i.e. we have t = f4 and m is isomorphic to the tangent space of EIV . We will use the 
names for the types of Lie triple systems of m as introduced in Theorem 14. 2[ 

Further, we let mi be a Lie triple system of m of type (All) , i.e. mi corresponds to a totally 
geodesic submanifold which is locally isometric to SU(6)/Sp(3) . 

Theorem 4.4 Exactly the following types of Lie triple systems of EIV have representatives 
which are contained in mi .• 

• (Geo, ip = t) with t £ [0, |] 

• {E>,(p = with e<5 

• (P,(^ = f ,(K,2)) with Me {M,(C,M} 

• (P,99 = f ,(K,3)) with 1K€ {M,(D} 

• (AI) 

• (A2) 

• (§ X §1,^) with l<b 

The maximal Lie triple systems of mi are those of the types: {P.,^ = |,(III, 2)), {^iP = 
f,(C,3)), (A2) and (S x §1,5). 

Proof. Similar to the proofs of Theorems 13.81 and 13.101 □ 

Remark 4.5 Chen/Nagano incorrectly state in [CNJ that the Lie triple systems of type (AI) 
(corresponding to SU(3)/SO(3) ) were maximal in SU(6)/Sp(3) , rather these Lie triple systems 
are contained in Lie triple systems of type (A2) (corresponding to SU(3) ). 

Also for SU(6)/Sp(3) , the maximal totally geodesic submanifolds are all reflective. Using the 
information from |Le3j . we obtain the following information on the global isometry type of the 



The polars and meridians are also reflective, without this fact being noted explicitly in the table. 



47 



4 The symmetric spaces Eq/F^, SU(6)/Sp(3), SU(3) and SU(3)/SO(3) 



totally geodesic submanifolds of SU(6)/Sp(3) corresponding to the various types of Lie triple 
systems: 



type of Lie triple system 


isometry type 


properties^ 


(Geo, ^ = t) 
{S,cp = ^,£) 
(P,(^ = f,(K,£)) 

(AI) 
(A2) 

(s X s\e) 


IR or §1 
IKPLi/4 

(SU(3)/SO(3))srr=l 

SU(3)s„=i 
(Sf=i X S;_^)/22 


i = 5: Helgason sphere 
(K, i) = (H, 2) : polar, maximal 
(IK,£) = (C,3) : reflective, maximal 

reflective 

i = 5: meridian for (P, if = ^, (H, 2)) , maximal 



4.5 Totally geodesic submanifolds in SU(3) 

Using the same strategy as before, we next classify the totally geodesic submanifolds of SU(3) , 
regarded as a Riemannian symmetric space. We again let g = 6©m be the splitting corresponding 
to EIV, and let mi now be a Lie triple system of m of type (A2) ; then the totally geodesic 
submanifold of EIV corresponding to mi is locally isometric to SU(3) . 



Theorem 4.6 Exactly the following types of Lie triple systems of EIV have representatives 
which are contained in mi ; 

• (Geo, <p = t) with t G [0, f ] 

• (S,(/3 = f ,£) with £<3 

• (P,(/? = f ,(IK,2)) with Me {Wi,€} 

• (P,(p = f,(P,3)) 

• (AI) 

• (S X with i<3 

The maximal Lie triple systems of mi are those of the types: (JP,(p = ^,(C,2)), = 
f,(IR,3)), (AI) and (S x §^,3) . 

Proof. Similar to the proofs of Theorems 13.81 and I3.1UI □ 

Remark 4.7 Chen/Nagano incorrectly state in [CNj that SU(3) contains totally geodesic sub- 
manifolds isometric to SU(2) x SU(2) and SU(3)/(SU(2) x SU(2)) . This is impossible, because 
SU(2) X SU(2) has the same rank as SU(3) , but whereas the former group has two orthogonal 
roots, the latter has not. 

Once again, also for the Riemannian symmetric space SU(3) , all the maximal totally geodesic 
submanifolds are reflective. Using the classification of the reflective submanifolds by Leung (in 
|Lel] . Theorem 3.3 for the group manifolds, see also |Le2j ), we obtain the following information 
on the global isometry type of the totally geodesic submanifolds of SU(3) corresponding to the 
various types of Lie triple systems: 



The polars and meridians are also reflective, without this fact being noted explicitly in the table. 
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type of Lie triple system 


isometry type 


properties^'' 


(Geo, ^ = t) 
{S,cp = ^,£) 
(P,(^ = f,(K,£)) 

(AI) 

(S X §1,^) 


]R or §1 
(SU(3)/SO(3)),„=i 


i = 3: Helgason sphere 
(JK,£) = (C!,2) : polar, maximal 
(IK, i) = (IR, 3) : reflective, maximal 
reflective, maximal 
i = 3: meridian for (P, (p = ^,{(D,2)) , maximal 



4.6 Totally geodesic submanifolds in SU(3)/SO(3) 

The totally geodesic submanifolds of SU(3)/SO(3) have already been classified in [K3], Sec- 
tion 6. Because the totally geodesic submanifolds of EIV of type (AI) are locally isometric to 
SU(3)/SO(3) , the Lie triple systems of SU(3)/SO(3) also occur as Lie triple systems of EIV. 
In the following table, we list the correspondence between the types of Lie triple systems of 
SU(3)/SO(3) as defined in |K3| . Proposition 6.1, and types of Lie triple systems of EIV as de- 
fined in Theorem 14.21 of the present paper. We also give the isometry type of the corresponding 
totally geodesic submanifolds, as it has been determined in [K3j, Section 6; for the application of 
this information it should be noted that there the metric of SU(3)/SO(3) has been normalized 
in such a way that the roots have length \/2 , whereas we now want to normalize the metric in 
such a way that the roots have length 1 . 



type ([K3], Prop. 6.1) 


type (Thm. Oil 


isometry type 


properties 


(G) 


(Geo, f = t) 


IR or §1 




(T) 


(S X §1,1) 






(S) 


(§,(/,= !, 2) 




Helgason sphere 


(M) 


(P,^ = f,(P,2)) 


iRPLi/4 


polar, maximal 


(P) 


(S X §1,2) 


(§2=1 X 


meridian, maximal 



5 The symmetric spaces G2 and G2/SO(4) 

5.1 The geometry of the Lie group G2 , regarded as a symmetric space 

In this section we will study the exceptional compact Lie group G2 , regarded as a Riemannian 
symmetric space. In particular we need to obtain its curvature tensor. The usual way to do so 
would be to regard G2 as the quotient space {G2 x G2)/A(G2) , where A(G2) := {ig,g)\g G 
G2 } is the diagonal of the product G2 x G2 , and to apply the results of jK3| to this space. 

However, we can reduce the effort involved in the calculations by noting that in that model of 
the symmetric space G2 , the space m which corresponds to the tangent space in the origin, is 
given by m = { {X, -X) | X e 02 } C 02 ©02 , and that for elements {X, -X), {Y, -Y), {Z, -Z) £ 
m , the curvature tensor is given by 

-[[(x,-x), (y,-y)], (z,-z)] = -{[[x,y],z], -[[x,y],z]) . 

Under the canonical isomorphism m ^ 02, {X, —X) 1-^ X , the curvature tensor of these elements 
of m therefore corresponds to — [[X, y],Z] G 02 , hence the Lie triple systems in m C 02 ® 02 
correspond to the Lie triple systems in 02 (i.e. to the linear subspaces of 02 which are invariant 

'The polars and meridians are also reflective, without this fact being noted explicitly in the table. 
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under the Lie triple bracket [[•, •], •] of 02)- Moreover, the isotropy action of A(G2) on m 
corresponds to the adjoint action of G2 on 52 • For this reason, we can carry out the classification 
of Lie triple systems by calculation in 52 itself (instead of in m C 52 © 02 )■ In doing so, we 
will only need the description of the root system and the Lie bracket of Q2 , which we obtain by 
application of the results of Sections 2, 3 of |K3j . 

In the sequel, we will consider also an Ad(G2)-invariant inner product on Q2 . Such an inner 
product is unique up to a positive constant, which we choose so that the shortest roots of 02 
(see below) have the length 1 . 

We now fix a Cartan subalgebra C 02 and a choice of positive roots in the root system A 
of 02 with respect to a . The Dynkin diagram of 02 is • ^ • , and therefore the simple roots of 
02 , which we denote by Ai and A2 , have an angle of ^ to each other, where A2 is the longer 
root by a factor of \/3- The other positive roots of G2 are 

A3:=Ai + A2, A4:=2Ai+A2, A5 := 3Ai + A2 and Ae := 3Ai + 2A2 . 

In this way we obtain the following root diagram for G2 '■ 

As 

A2 A3 A4 A5 

• • • • 

O 'Ai 



In the sequel, we will use the notation Vaj.(c) for A; E {1, ... ,6} and c G (D to denote an ele- 
ment of the root space of 02 corresponding to the root A^ as defined in |K3j . Proposition 3.3(d). 
Then the root space corresponding to Afc equals Va^ (C) . 

We will also use the isotropy angle function (p defined at the end of Section [2] for Q2 ] remember 
that in the present situation, the isotropy action of the symmetric space G2 is given simply by 
the adjoint action of G2 on 02 ■ We have (pmax = f and thus we obtain an isotropy angle 
function (/? : 02 \ {0} — > [0, ^] . For the elements of the closure c of the positive Weyl chamber 
c := {v G I Ai(t;) > 0, A2(f) > 0} we once again explicitly describe the relation to their isotropy 
angle: (A4, A2) is an orthonormal basis of a so that with vt := cos(t)A4 + sm{t) A2 we 
have 

c = {s-vt\te[0,^],seJR>o} , (38) 
and because the Weyl chamber c is bordered by the two vectors vq = A4 with f{vo) = and 
^'^/e = 73-^6 '^ith (p{v^/g) = f , we have 

ip{s ■vt)=t for all t G [0, f ] , s G IR+ . (39) 
Further we note the following simple fact on the adjoint action of G2 ■ 

Proposition 5.1 Let X be a short root, and A' be a long root of G2 ■ Then the adjoint action 
of the maximal torus T := exp(o) on Q2 leaves a pointwise fixed, and acts "jointly transi- 
tively" on the unit spheres in the root spaces Vx(C) and Vx'{(D) in the sense that for any given 
ci,C2,c'i,c'2 G C with \ci\ = \c2\ and \c'i\ = \c'2\ there exists g £T with Ad{g)Vx{ci) = V\{c2) 
and Ad{g)Vy{c^^) = Vx'{c'2). 
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5.2 Lie triple systems in G2 

We continue to use the notations of the preceding section. 

Theorem 5.2 The linear subspaces m' C 02 given in the following are Lie triple systems, and 
every Lie triple system {0} 7^ m' C ^2 is congruent under the adjoint action to one of them. 

• (Geo, = t) with t £ [0, f ] . 

m' = IR(cos(t) + sin(t) ^ aS,) (see Equation ([39]) ). 

• (§,¥> = 0,e) with £ £ {2,3} . 

m' is an i-dimensional linear subspace 0/ IRA^ © mx^ ■ 

• (§,(p = arctan(^),£) with £ e {2,3} . 

m' is an £-dimensional subspace of span{ 9A| + SAj,, Vx^{l) + Va2(|'v/5)i ^Ai(0 + 

• iS,(p = f with £ £ {2,3} . 

m' is an £-dimensional linear subspace of IRAg © rriAg • 

• (IP, = f , (IR, i)) with £ £ {2, 3} . 

m' is an £-dimensional subspace of span{ Ag, Vx2(l) + Vx^{V^), V^jCi) — VxiiV^i) } • 
. (IP,¥. = f,(C,2)). 

m' = span{A«, Vx,{l) + Vx^V^), Vx,{V3i) + Vx,(,i), Vx,{l)} . 

• (S X 8,£,i') with £,£' <3. 

m' = a © m';^^ © m';^^ , where xn'^^^ C Vx^ (C) and m'^^^ C (C) are linear subspaces of 
dimension £ — 1 resp. £' — 1 . 

• (AI) . 

m' = a © Vx, OR) © Vx, (M) © (^IR) • 

• (A2) . 

m' = a © Vx, (C) © Vx, (C) © Va^ (C) . 

• (G)- 

m' = a © Vx, OR) © Vx, (M) © ^^,3 (ilR) © Vx, (M) © Vx, (iM) © Vx, (K) . 
We call the full name (Geo, ip = t) etc. given in the above table the type of the Lie triple systems 
which are congruent under the adjoint action to the space given in that entry. Then no Lie 
triple system is of more than one type. 

The Lie triple systems m' of the various types have the properties given in the following table. 
The column "isometry type" again gives the isometry type of the totally geodesic submanifolds 
corresponding to the Lie triple systems of the respective type in abbreviated form, for the details 
see Section [573[ 



type of m' 


dim(m') 


rk(m') 


m' Lie subalgebra 


xn' maximal 


isometry type 


(Geo, ^ = t) 


1 


1 


yes 


no 


]R or §1 


{S,ip = 0,£) 


£ 


1 


for £ = 3 


no 




(S,V3 = arctan(^),^) 


£ 


1 


for £ = 3 


for £ = 3 


2 r- 


(S,^=f,£) 
(P,(^ = f,(]R,^)) 


£ 
£ 


1 
1 


for £ = 3 
no 


no 
no 





^^Notice that in this case, the types (S x §,^,£') and (S x §,£',£) with £ ^ £' are not equivalent, because the two irreducible 
components of the Lie triple systems of this type correspond to spheres of different radius, see Section [5.31 
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type of m! 


dim(m') 


rk(m') 


m' Zie subalgebra 


m' maximal 


isometry type 


(P,^ = f,(C,2)) 


4 


1 


no 


no 




(S X S,^,f) 


i + e 


2 


for ij'€{l,3} 


for e = i' = 3 




(AI) 


5 


2 


no 


no 


SU(3)/SO(3) 


(A2) 


8 


2 


yes 


yes 


SU(3) 


(G) 


8 


2 


no 


yes 


G2/SO(4) 



Remark 5.3 The maximal totally geodesic submanifolds of G2 of type (§, (p = arctan(^^), 3) , 
which are isometric to a 3-sphere of radius | \/21 , are missing from the classification by Chen 
and Nagano in Table VIII of [CNj . Once again, these submanifolds are in a "skew" position 
in the ambient manifold G2 in the sense that their geodesic diameter | \/2T vr is strictly larger 
than the geodesic diameter | -v/Svr of G2 ■ 

Proof of Theorem \5.Si Once again, it is easily checked that the spaces defined in the theorem 
are Lie triple systems, and thus the spaces which are conjugate to one of them under the adjoint 
action also are. It is also easily seen that the information in the table on the dimension and 
the rank of the Lie triple systems and regarding the question which of them are Lie subalgebras 
of 02 is correct. The information on the isometry type of the totally geodesic submanifolds 
corresponding to the various types of Lie triple systems will be proved in Section 15.31 

We next show that the information on the maximality of the Lie triple systems is correct. 
For this purpose, we presume that the list of Lie triple systems given in the theorem is in fact 
complete; this will be proved in the remainder of the present section. 

That the Lie triple systems which are claimed to be maximal in the table indeed are: This is 
clear for the types (A2) and (G) because there are no Lie triple systems of greater dimension. 
For the type (S, 3, 3) , we note that if it were not maximal, it could only be included in a Lie 
triple system of type (A2) or (G) for dimension reasons. However, the Lie triple systems of 
type (S, 3, 3) have two orthogonal roots of multiplicity 2 , whereas the systems of type (A2) do 
not have a pair of orthogonal roots, and in the systems of type (G) , all roots have multiplicity 
1 . So such an inclusion is not in fact possible, and hence the Lie triple systems of type (S, 3, 3) 
are maximal. For the type (IP, 97 = arctan(^^), 3) : Let ffl' C 02 be a Lie triple system 
with m' C fn' . If fti' were of rank 1 , then it would need to have the same isotropy angle 

= arctan(^^) and a strictly greater dimension than m' , but no such Lie triple system exists. 
So ffi' is of rank 2 . It now follows from the description of the type (P, (p = arctan(^^^), 3) that 
ffi' has two roots at an angle of ^ to each other and these two roots both have multiplicity 2 . 
Therefore m' = Q2 holds, and hence m' is maximal. 

That no Lie triple systems are maximal besides those mentioned above follows from the fol- 
lowing table: 



Every Lie triple system of type ... 


is contained in a Lie triple system of type ... 


(Geo, (p = t) 


(S X §,1,1) 




(S X 


{S,ip = arctan(^),2) 


(G) 


(S,(^=f,^) 


(S X S,l,^) 


(P,(^ = f,(IR,£)) 


(S X §,£,£) 
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Every Lie triple system of type ... 


is contained in a Lie triple system of type ... 


(]P,(^ = f,(C,2)) 
(S X S,^,f) with {1,1') ^ (3,3) 
(AI) 


(G) 
(S X S,3,3) 
(A2) 



We now turn to the proof that the list of Lie triple systems of 02 given in Theorem l5.2l is indeed 
complete. For this purpose, we let an arbitrary Lie triple system m' of 52 > {0} 7^ Tn' C 92 1 be 
given. Because the Lie algebra 92 is of rank 2 , the rank of m' is either 1 or 2 . We will handle 
these two cases separately in the sequel. 

We first suppose that m' is a Lie triple system of rank 2 . Let us fix a Cartan subalgebra a 
of m' ; because of rk(m') = rk(g2) , ci is then also a Cartan subalgebra of Q2 ■ In relation to this 
situation, we again use the notations introduced in Sections [2l and ISTTl In particular, we consider 
the positive root system A+ := {Ai, . . . , Ag} of the root system A := A(g2, ci) of 32 , and also 
the root system A' := A(m',o) of m' . By Proposition 12.1( b). A' is a root subsystem of A, 
and therefore A^ := A' n A+ is a positive system of roots for A' . Moreover, in the root space 
decompositions of 52 and m' 

02 = 0© en,(<D) and m' = a© m';, (40) 
fc=i AeAY 

the root space m';^ of m' with respect to A € A'^ is related to the corresponding root space 
Va(C) of 02 by m'^ = Vx{€)r^m' . 

Because the subset A' of A is invariant under its own Weyl group, we have (up to Weyl 
transformation) the following possibilities for A^ , which we will treat individually in the sequel: 

av = a+, a; = {A2,A5,A6}, av = {Ai,A3,A4}, 

AV = {Ai,A6}, AV = {A6}, AV = {Ai} and A^ = . 

The case = A . In this case the Dynkin diagram with multiplicities of m' is ^ #"2 
with ni, 712 £ {1; 2} . From the classification of the irreducible Riemannian symmetric spaces (see 
for example |Loj . p. 119, 146), we see that ni = re2 =: n G {1, 2} holds. If n = 2 holds, we have 
m' = 02 • If n = 1 holds, we may by virtue of Proposition 15.11 suppose without loss of generality 
that m';;^^ = Vai(IR) and m.'^^^ = V\^(S\) holds. Then we can calculate the remaining root spaces 
of m' one by one: We have R{\\,Vx^{l))Vx^{l) = ^ • Vx.,{i) and therefore ^x\!^^ = Vx^{iM) . 
We have i?(A?, Fa3(0)^Ai (1) = ^ • ^A2(l) - ^ ^A4(l) and therefore m';,^ = Vx,m . We 
have R{\lVx,{^))Vx,{^) = \-Vx,{i)-^- Vx,{^ and therefore m';,^ = Vx,m) . Finally, we 

have R{X\,VxS))y\2{^) = ^ • ^A6(l) and therefore m'^^^ = Vx^{M) . Thus it follows from 
Equation (gO]) that 

m' = a © Vxi (m) © Vx^ (M) © Vx^ (ilR) © Vx^ (K) © Vx^ (ilR) © Vx^ (M) 

holds, and therefore m' is of type (G) . 

The case = {A2,A5,A6}. In this case, the Dynkin diagram with multiplicities of m' 
is — with n G {1, 2} . In the case n = 2 we have m' = a © Vx^iC) © Vx^{<^) © l^Agl^C) 
and therefore m' is of type (A2) . In the case n = 1 we may suppose without loss of generality 
m';,^ = Vx,m and m';,^ = Vx,m ; then we have m' G R{\\,Vx,{l))Vx,{'^) = -^VxS) and 
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hence m';!^^ = (ilR) . Therefore we have m' = a (IR) Vx^ (IR) ® Vxe (^IR) , thus m' is of 
type (AI). 

The case = {Ai,A3,A4}. Assume that m' is a Lie triple system with this root 
system. Then there exist c,d G so that Vx^{c),Vx.^{d) G m' holds. We have m' 3 
R{X\,Vx^{c))Vx:j{d) = ^ Vx2icdi) + Vx4^{cdi) and therefore in particular A2 € , contrary to 
the hypothesis A'|_ = {Ai, A3, A4} . This calculation shows that there do not exist any Lie triple 
systems m' of 02 with = {Ai,A3,A4}. 

The cases C {Ai, Ae} . In this case we have m' = © m'^_^ © m'^^ by Equation (P0|) . 
therefore m' is of type (S x §,£,f ) with £ := 1 + dim(m';^J and £':=! + dim(m';^J . 

This completes the treatment of the case where m' is of rank 2 . 

We now suppose that m' C 02 is a Lie triple system of rank 1 . We may suppose without loss 
of generality that m' contains a unit vector H from the closure of the positive Weyl chamber 
c . By Equations (|38]) and (|39]l . we then have with ipo := (p{H) G [0, |] 



H 



cos{ipo) X{ + sin(99o) ^ A| . (41) 



Because of rk(m') = 1 , 0' := IR// is a Cartan subalgebra of m' , and we have a' = aPl m' . It 

follows from Proposition 12. 1( a) that the root systems A' and A of m' resp. 32 with respect to 
a' resp. to a are related by 

A' C { X{H) ao I A G A, X{H) / } (42) 

with the linear form oq : a' ^ IR, tH 1-^ t ; moreover for m' we have the root space decomposi- 
tion 

m' = a'© (43) 
where for any root a £ A' , the corresponding root space is given by 



© Vx{(C) 

\X{H)=a{H) I 



n m' . (44) 



If A' = holds, we have m' = IR//, and therefore m' is then of type (Geo,(/9 = (^^o) . 
Otherwise it follows from Proposition 12.31 that one of the following two conditions holds: Either 
// is proportional to a root vector A" with A G A , or there exist two A,/xGA (A^^/x) 
so that // is orthogonal to A" — yu" . Evaluating all possible values for A and ;U , we see that 
(/?0 G {0,arctan(^), |} holds. 

In the sequel we consider the three possible values for c/Jq individually. 

The case (^0 = . In this case we have // = A4 by Equation (j4ip and therefore 

Ai(//) = i, A2(//) = 0, A3(//) = i, A4(//) = l, A5(//) = i, A6(//) = i. 

Thus we have A' C {±a,±2a,±3a} with a := Ai|o' = A3I0' by Equation (gS]), m' = IR//© 
^'a ® "^2a ffi ^'sa by Equation (gSD and m'„ C Vx,{<C) © Va3((D) , C Vx^ifC) and nxg^ C 

Vxsi^C) © Vx,i(D) by Equation gH). 

We now show that actually a, 3a A^ holds. 

Indeed, let v G be given. Then there exist c, d G C so that v = Vxj{c) + Vx^{d) holds. 
We have |c| = \d\ because of Proposition 12.41 and the fact that = | aJ + ^ A3 holds. Next we 
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notice that because of \2{H) = 0, the ((D)-component of every vector in m' must vanish. 
However, the )-component of R{H,v)v £ m' equals ^Vx^icdi), and so we conclude 

cd = 0. Because of |c| = \d\ , it follows that we have c = d = and hence v = 0. Thus we 
have = {0} and hence a ^ A' . 

A similar calculation also shows 3a A' , and therefore we have A' = {ib2a} and hence 
m' = IRi/ © m'gQ, with a linear subspace {0} / m'2a C Vx^{^) ■ It follows that m' is of type 
(§, ip = 0,e) with £:=l + . 

The case cpo = arctan(^^) . In this case we have H = (OA^ + A2) by Equation (|1T|) 
and therefore 

A4(^) = #-3, A5(i?) = #-4, A6(i/) = #-5. 

In the present case we have A" a' for every A G A , therefore m' can only have composite 
roots (see Definition I2.2p by Proposition 12.3( a). This fact, together with the above values of 
X{H) and Equation (j42p . shows that we have A' = {±a} with a := Ai|o' = A2IC1' , Moreover, 
we have m' = MH ®m'^ by Equation (031) and m'„ C Vai(C) © Vx2(C) by Equation (011). 

Let V G m'o, be given, say v = Vx^(ci) + Vx2{c2) with ci, C2 G C We have = a{H) ■ H = 
\i{H)-H = ^-H = ^(9A^ + \\) = ^ \\ + ^ A^ , and therefore Proposition El shows that 

we have |c2| = y'^l^lcil = 5 \/5 |ci| . 

By Proposition 15.11 we may therefore suppose without loss of generality that vq := V\^(l) + 
y\2(.k ^) ^ ^'a holds. Then we have 

m' B Rivo,v)H = VxM^C2 - VSci)) . (45) 

Because of Asja' = 2a A' , the vector (05]) must vanish, and thus we have 3c2 = V5ci . This 
shows that is a linear subspace of { Vx^ (c) + Vaj (-^ c) | c G C } , and therefore m' = IR ff©m'^ 
is of type (P, tp = arctan(^;^), £) with £ := 1 + n'^ . 

The case (po = ^ . In this case we have if = Ag by Equation (0T]) and therefore 

Xi{H)=0, X2{H) = ^, x^(^H) = ^, \^{H) = ^, A5(F) = ^, \^{H) = . 

Thus we have A' C {±a,±2a} with a := A2|a' = Asja' = A4I0' = Asja' by Equation (021) . 
m' = IRi7 © m'„ © m!^^ by Equation (03]) and C Vx-A*^) © Va3(C) © Vx^{<i^) © ^A5(C) and 
m's^ C VAg(C) by Equation (01]). 

Let us first consider the case a A' and therefore A' = {ib2a} . Then we have m' = 
IRff © m'2a , and therefore m' then is of type {S,ip = ^,£) with £ := I + . 

So we now suppose a G A' . Then we have for any v G , say v = X]fc=2^Afc(cfc) with 
C2, . . . ,C5 G (D 

V3-R{H, v)v =(| |c3|2+3 |C4|2+| |C5|2) aJ+I ||cf A^+Fai ( i (c¥c3+clc5)-3z q C4 ) . (46) 

Because this vector is a member of m' , its o-component must be proportional to H = (3A| + 
2A2) , and therefore we have 

2-(||c3|2 + 3|c4p + ||c5p) =3-|||cf , 
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hence 

3|C2|2 + |C3|2 = |C4|2+3|C5P . (47) 

As a consequence of this equation we have n'^, < 4 . Moreover, because we have Xi{H) = , the 
(C)-component of the vector ()46p must vanish, and thus we have 

^ (c^C3 +CIC5) = -QC4 . (48) 

It is a consequence of Equations (fTTl) and (fiSl) that by apphcation of the adjoint action of the 
subgroup of G2 with the Lie algebra a®V\^ (C) , we can arrange that vq := (1) + (\/3) £ 
m'o, holds. 

Then we have for any v £ as above 

R{H, v)vo = 3 Re(c4) a5+( ^ Re(c2)+| Re(c4) ) Xl-Vx, ( | i cs+f i c^+^ i C5 ) -Va, ( ^ i 03+^ 

(49) 

Because this vector is again a member of m' , its a-component must be proportional to H , and 
thus we have 

2- (3 Re(c4)) = 3-( ^ Re(c2) + | Re(c4)) , 

hence 

Re(c4) = Re(c2) . (50) 
Moreover, the Vx^ (C)-component of (|49p vanishes, and thus we have 

f iC3 + |iQ + ^iC5 = 0, 

hence 

C3 + 2Q = -^/3c5 . (51) 

Let us now first consider the case 2a A' and thus m' = IRH ® m'^ . If n'^ = 1 holds, 
we have m' = IRff ©IRfo, and therefore m' is of type (P,9? = |,(IR, 2)). Otherwise, we 
let V £ m'„ be given as above, and suppose that v is orthogonal to vq . The latter condition, 
together with Equation ([Sn|) . shows that 

Re(c2) = Re(c4) = (52) 

holds. Because of 2a A' , also the (C)-component of the vector ([1^ vanishes in this case, 
and therefore we have 

^iC3 + f icg =0, 

hence 

C5 = -\/3c3. (53) 

Now we obtain from Equations ([STI) and (f53]) : C3 + 2c3 = — \/3c5 = 3c3 , hence 03 = 03 and 
thus C3 G IR. Equation ([53]) then also implies C5 G IR. This, together with (f52]) . shows that 
there exist ^2, • • • > ^5 S IR so that 

V = Vx,{it2) + VA3(t3) + Vx,{iU) + Vx,{t5) 
holds. It now follows from Equation ()53|) that we have 

t5 = -V3h , (54) 
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and, using this equation we obtain from Equation (j48p 

t3-(-^ ^2 + 1*4) =0 

and therefore 

either = or t2 = 5t4 . 

If ^3 = holds, then we also have is = by Equation (fSlj) . and Equation ([171) shows that 
we have t4 = ±y/3t2 ■ If ts 7^ holds, we have i4 = ^ \/3t2 , and therefore by Equation (jl7|) 
is = ± 1 12 , hence = ^2 by Equation 

This consideration shows that we have m' = IR © m'^ , where either of the following two 
equations holds: 

m'^ = Mvo(B'SR{Vx^{i)+eVx,{V3i)) (55) 
or m'^ = Mvo®M{Vx,{i)+eVx,{l) + Vx,ifi)-eVx,{^)) (56) 

with e £ {±1} . 

In either case m' is of type (P,y? = ^,(IR, 3)): If m'^, is given by Equation ([55]) . this is 
obvious. On the other hand, if is given by Equation (I56p (without loss of generality with 
£ = 1 ), we note that m' is contained in the linear space fh' spanned by the vectors 

Vx,{l) + Vx,{V3), Vx,{i) + VxAV3i), 

^A.(i) + ^3(1) + VxA^ i) - Vx,{^), Vx,{l) - Vx-M i) + yx.{% + ^A,(^ ^) ■ 

One checks that in' is a Lie triple system of rank 2 and dimension 6 , and therefore (by the 
preceding classification of the Lie triple systems of Q2 of rank 2 ) of type (S x S, 3, 3) . Hence fix' 
is congruent under the adjoint action to the standard Lie triple system of type (S x S, 3, 3) given 
in the theorem, m' corresponds to the diagonal in the local sphere product corresponding to 
ffi' , and is therefore congruent under the adjoint action to the diagonal in the standard Lie triple 
system of type (§ x §, 3, 3) , which is the standard Lie triple system of type (P, ip = ^, (IR, 3)) . 
Therefore also m' itself is of type (P, 9^ = f , (P, 3)) . 

Let us finally turn our attention to the case where A' = {=ba, ±20} holds. From the clas- 
sification of Riemannian symmetric spaces of rank 1 , we then must have = 1 . With- 
out loss of generality we suppose m2Q, = Vxg (IR) . We then have besides vq G also 
m', 3 R{H,Vx,{l))vo = Vx.i^i) + Vx,{^i) and therefore v'^ := Vx,{V^i) + Vx,{i) G m', . 
Thus we have IRuq © IRfg C m'^ . Below, we will show that in fact m'^ = IRfo © IRfg holds. 
Therefore we have m' = IR F © m'„ © = IR © IR © IR ^^o ® ^ (1) , and hence m' is of 
type (P,(/) = f,(C,2)). 

For the proof of m'^ = Pfo©Puo we let v £ be given, and suppose that v is orthogonal 
to Vq and v'q . Then we are to show v = . We write v = Ylk=2 ^A^ (c/c) with C2, . . . , C5 G € as 
before. Then because v is orthogonal to vq , we have as in the treatment of the case A' = {±a} 
(see Equation ([^^ ) 

Re(c2) = Re(c4) = , 

and an analogous calculation based on the facts that v is orthogonal to v'q and that the a- 
component of R{H, v)v'q is proportional to H gives us 

Im(c3) = Im(c5) = . 
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These two equations show that we have v = Vx2{it2)+Vx.^{ts)+Vx^{it4)+V\^^{t5) with t2, ■ ■ ■ £ 
]R . Equation (I5ip now gives 

i5 = -V3t3 (57) 

and an calculation analogous to the one leading to Equation (|5ip , but based on the fact that the 
Vxi (I')-component of R{H,v)vq vanishes, gives 

t2 = -V^U ■ (58) 

By plugging Equations dST]) and ([58]) into Equation ^ we obtain 3{-V3U)'^ -\- = tj + 
3 (— \/3t3)^ and therefore 

t4 = et3 (59) 
with e £ {±1} • By plugging Equations (|57|) . (j58|) and (j59p into Equation (|48p we now obtain 

^ (i \/3et3t3 + iets \/3t3) = -t^iets 

and therefore St^ = — 1| , hence ^3 = 0. Equations (fSTl) . (f58l) and (f59]) now imply also 
^2 = ^4 = is = and therefore = . 

This completes the classification of the Lie triple systems in 32 • D 

5.3 Totally geodesic submanifolds in G2 

Once again, we describe totally geodesic isometric embeddings for the maximal Lie triple systems 
of G2 to determine the global isometry type of the totally geodesic submanifolds of G2 ■ We 
obtain the results of the following table, using the same notations for the isometry types as in 
Section 13.31 



type of Lie triple system 


corresponding global isometry type 


properties 


(Geo, (p = t) 


IR or §1 










{§,(p = arctan(^),£) 




i = 3: maximal 


(S,(^=f,^) 




£ = 3: Helgason sphere 


(P,(/.= f,(K,£)) 






(s X s,i,e') 


(SU X Sf^^/^)/{±id} 


i = £' = 3: meridian, maximal 


(AI) 


SU(3)/SO(3),,,^^ 




(A2) 


SU(3),,,=^ 


maximal 


(G) 


G2/SO(4)s„=i 


polar, maximal 



Type (G) . The totally geodesic embedding corresponding to this type is the Cartan embedding 
/ : G2/SO(4) G2 of the Riemannian symmetric space G2/SO(4) . 

We describe the Cartan embedding for the general situation of a Riemannian symmetric space 
M = G/K . Let a : G ^ G be the involutive automorphism which describes the symmetric 
structure of M . Then the map 

f -.G/K ^G, g-K^ a{g) ■ g-^ 

is called the Cartan map of M . Because of Fix(cj)o C K C Fix(o") , / is a well-defined 
covering map onto its image; moreover / turns out to be totally geodesic. If M is a "bottom 
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space" , i.e. there exists no non-trivial symmetric covering map with total space M , we have 
K = Fix(cj) and therefore / is a totally geodesic embedding in this case. Then / is called the 
Cartan embedding of M . 

Type (S X S,i,£') and the types of rank 1 with isotropy angle G {0, ^} . For the construc- 
tion of these types we consider the skew-field of quaternions IH and the division algebra of the 
octonions © . © can be realized as © = IH © IH , where the octonion multiplication is for any 
X, y € © , say x = {xi, X2) and y = (yi, 1/2) with Xi,yi £ IH , given by the equation 

X ■ y = {xiyi -y^X2 , X2yi + y2Xi) . 

In this setting, the symplectic group Sp(l) is realized as the space of unit quaternions with the 
quaternion multiplication as group action (hence Sp(l) is isometric to a 3-sphere), and the Lie 
group G2 is realized as the automorphism group of © , i.e. 

G2 = {ge GL(©) \yx,y G & : g{x ■ y) = g{x) ■ g{y) } . 

In this setting a group homomorphism $ : Sp(l) x Sp(l) G2 has been described by Yokota 
in [Y], Section 1.3: For any 171,52 G Sp(l) , <I>(5i,(72) is given by 

Vx = (rEi,rE2) G © : '^{gi,g2)x = {gixig^^ , g2X2gi^) . 

<I> is in particular a totally geodesic map; one easily sees that ker(<I>) = {±(1,1)} holds, and 
therefore <^ is a two-fold covering map onto its image. The image is therefore a 6-dimensional 
totally geodesic submanifold of G2 of rank 2 which is isometric to (Sp(l) xSp(l))/{±(l,l)} = 
(S^=i X S3^_^^^)/{±(1, 1)} , and which turns out to be of type (S x S, 3, 3) . 
The totally geodesic submanifolds of type (S x correspond to the submanifolds 

X /{^(li 1)} in this product, the totally geodesic submanifolds of type (S, (/? = 0, ^) 

resp. (S,(^ = f,^') correspond to the factors resp. in that product, and 

the totally geodesic submanifolds of type (P,v' = fi(lR)^)) correspond to the diagonal 
{ ±(2;, -^x) I X G } in that product. 

Types (A2) and (AI) . We again realize G2 as the automorphism group of © . We fix an 
imaginary unit octonion i of © , and consider the subgroup := { 5 G G2 | g{i) = « } of G2 . H 
is isomorphic to SU(3) ; as totally geodesic submanifold of G2 , this subgroup is of type (A2) . 
Consider the splitting (D = V®W of & with V := span]R{l,i} ^ (C and W := V-^ ; V and W 
are complex subspaces of dimension 1 resp. 3 with respect to the complex structure induced by 
the element i G © . Then H = SU(3) acts trivially on V and in the canonical way on W = (D^ . 

Fixing a real form Wtr of , we obtain the subgroup H' := { g £ H \ giW^n) = Wtr } , which 
is isomorphic to S0(3) . H/H' is a Riemannian symmetric space isomorphic to SU(3)/SO(3) , 
and the image of the Cartan embedding H/H' H d G2 is a totally geodesic submanifold of 
G2 of type (AI). 

Type (S, = arctan(^;^), 3) . Let m' be a Lie triple system of type (§, ip = arctan(^;^), 3) . 
It is apparent from the part of the proof of Theorem 15.21 which handled the classification for the 
case rk(m') = 1 , V'o = ^'^^^^'^(3^) that (with respect to a suitable choice of the Cartan 
subalgebra a of 02 and of the positive root system A_|- corresponding to the root system A of 
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02 with respect to a) the unit vector H := (OA^ + SAg) hes in m' , with respect to its Cartan 
subalgebra IR-ff the Lie triple system m' has only one positive root a , which is characterized 
by a{H) = ^ , hence we have Ha^p = ^ = ^ with r := ^V^l. 

It follows that the connected, complete totally geodesic submanifold M' C G2 corresponding 
to m' is a symmetric space of constant curvature ^ , and therefore isometric either to the 
sphere , or to the real projective space IRP^^-^^^a • To distinguish between these two cases, 
we calculate the length of a closed geodesic in M' . 

To do so, we use the well-known fact (see [H], Theorem VII. 8. 5, p. 322) that the unit lattice 
tte := { V G a I exp(u) = e } is generated by the vectors 2 Xx , where we put Xx := A^* € a , 
and A runs through all the roots of G2 ■ In this specific situation, is generated by the vectors 
2Xx,, = ^ \l and 2Xx, = ^xl. 

The length of the geodesic 7 tangent to H equals the smallest t > so that tH £ Oe 
holds, i.e. so that there exist A;, ^ G 2 with tH = A; • ^ A^ + ^ • ^ Ag . Because we have 
H = "^^(2A2 + 3A5) , that equation leads to the conditions 

k = 2- t and i = 3- t . 

47rV21 47rV21 



Therefore, the smallest t > such that k,£ £ holds, is t = ^""'^^ = 27rr , and hence the 
geodesic 7 is closed and has the length 27rr . It follows that the totally geodesic submanifold 
M' is isometric to the sphere . 

5.4 Totally geodesic submanifolds in G2/SO(4) 

Finally we derive from the classification of the Lie triple systems resp. totally geodesic submani- 
folds in G2 the same classification in the totally geodesic submanifold G2/SO(4) of G2 ■ 

For this purpose, we consider the Lie group G2 as a Riemannian symmetric space in the same 
way as in the Sections 15.11 and 15.21 and use the names for the types of Lie triple systems of 02 
as introduced in Theorem 15. 2[ 

Further, we let mi be a Lie triple system of 02 of type (G) , i.e. mi corresponds to a totally 
geodesic submanifold which is locally isometric to G2/SO(4) . 

Theorem 5.4 Exactly the following types of Lie triple systems of G2 have representatives which 
are contained in mi .■ 

• (Geo, = t) with t £ [0, |] 

• (§,(/? = 0,2) 
{E>,(p = arctan(^),2) 
(§,^^ = 1,2) 

(P, V9 = f , (K, 2)) with IK G {IR, C} 
(AI) 

• (S X S,£,f) with <2 

Among these, the Lie triple systems which are maximal in mi are: {S,(p = arctan(^^^), 2) , 
(IP,(/? = f,(C,2)), (AI) and (SxS,2,2). 

Proof. Again similar to the proofs of Theorems 13.81 and 13.101 □ 
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6 Summary 



Remark 5.5 The maximal totahy geodesic submanifolds of G2/SO(4) of type = 
arctan(^^^), 2) , which are isometric to a 2-sphere of radius | \/21 , are missing from the classi- 
fication by Chen and Nagano in Table VIII of [CN]. They are in a similar "skew" position in 
^2/80(4) as in G2 , compare Remark 15.31 

We can infer the isometry type of the totally geodesic submanifolds corresponding to the 
Lie triple systems of G2/SO(4) from the corresponding information on the totally geodesic 
submanifolds of G2 , given in Section 15. 3t 



type of Lie triple system 


corresponding global isometry type 


properties 


(Geo, (p = t) 


IR or §1 




(S,^ = 0,2) 






= arctan(^),2) 


2 ^ 


maximal 


(S,'/' = f,2) 
(P,(/.= f,(IK,2)) 


KPL3/4 


Helgason sphere 
IK = C : maximal 


(AI) 


SU(3)/SO(3),,,^^ 


maximal 


(S X §,£,£') 


(Sf=i X Sf_^/^)/{±id} 


i = £' = 2: polar, meridian, maximal 



6 Summary 

In the following table, we list the global isometry types of the maximal totally geodesic sub- 
manifolds of all the irreducible, simply connected Riemannian symmetric spaces M of rank 2 , 
thereby combining information from the papers |Klj . [K2j and |K3j (Section 6), as well as the 
present paper. 

We once again use the notations from Section 13.31 for describing the scaling factor of the 
invariant Riemannian metric on the symmetric spaces involved. For the three infinite families 
of Grassmann manifolds G^(IR"), G2(C"') and G2(III'^), we also use the notation srr=i* to 
denote the invariant Riemannian metric scaled in such a way that the shortest root occurring for 
large n has length 1 , disregarding the fact that this root might vanish for certain small values 
of n . 



M 


maximal totally geodesic submanifolds 


G^(IR"'''''^)srr=l* 


G+(IR"+l)srr=U , (§f=i X §f=i)/Z2 with £ + I' = 71 

for n > A even: CP'^''^-, ,„ 
for n = 2 : CP^ ,„ x IRP^ . 
for n = 3 ; /- 


G2(C"'"''^)srr=l* 


CP^l , G2(IR"'^^)srr=l* , G'2(C"+^)srr=l* 

CP^^i X CP^^^i with £ + £' = n 
for n even: MP^^-^^^ 

forn = 2 : G+(M^) , (S^^^^^ x S^^.^,/^)/Z2 
forn = A : <CVl^,,, 


G2(IH"'+^)srr=l* 


IHP^=i , ( 
IHPi=i X 
for n = 2 

for n = A 
for n = 5 


j2(IH"'^"'^)srr=l* , G2((D""'"^)srr=l* 

eP^_i with £ + £' = n 
IHP2 1/, 

>i=l/5 



T 



References 



M 


maximal totally geodesic submanifolds 


SU(3)/SO(3)srr=l 




SU(6)/Sp(3)srr=l 


IHPLi/4. SU(3)s„=i, (S^=i X S^^^)/22 


SO(10)/U(5)srr=l 


CPl^i, Cp3_ixCPU, G'2+(]R8),^^^y2, G2(C5),„=i, S0(5),„=i 


^6/(U(l) • Spin(10))«„=i 


G2{(C%rr=l, (G2(H4)/22)srr=l, SO(10)/U(5)s„=i 


[I1/q/±< 4 )srr=l 


©Pt=i/4 , IHP^^/4 , ((SU(6)/Sp(3))/Z3)srr=l , {^^=1 X S^^^)/:24 


G2/SO(4)srr=l 


r=|V2T' -=3/4' SU(3)/SO(3)^„^^, (S^=i X S^^^^^)/22 


k5U(^cJjsrr=l 


CP^^^/4, ]RP^^/4, SU(3)/SO(3)srr=l , (§;Ll X §^_^)/Z2 


Sp(2)srr=l 




(G2)srr=l 


SJ^2^, (S?^iXS3^^/^)/Z2, SU(3X,,^^, G2/SO(4),rr=l 
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